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Preface

This is a documentation for the version 4.0 of COCO (CCSR Ocean Component Model), an ocean general
circulation model (OGCM) developed at Center for Climate System Research. The current version of
COCO is based on the primitive equations under the hydrostatic and Boussinesq approximations with
explicit free surface, and is formulated on the generalized curvilinear horizontal coordinate and (basically)
the geopotential height vertical coordinate. COCO also constitutes an ocean component of MIROC, a
coupled general circulation model developed at CCSR.

The author takes full responsibility for formulation, discretization, and coding of the current version,
although its development owes a great deal to current and former members of the CCSR ocean modeling
group. Special thanks are due to Nobuo Suginohara (current director of Institute of Observational Research
for Global Change, Japan Agency for Marine-Earth Science and Technology), who led the CCSR ocean
modeling group in 1990’s and had started developing a prototype of COCO in 1970’s; Yasuhiro Yamanaka
(currently at Hokkaido University), who established a basis for discretization and coding strategy of COCO
and also established a basis for World Ocean simulation in the CCSR ocean modeling group; and Hideyuki
Nakano (currently at Meteorological Research Institute of Japan Meteorological Agency), who devised the
bottom boundary layer parameterization used in COCO and significantly contributed to develop a code
for distributed memory systems using MPI (Message-Passing Interface). Two of the current members,
Akira Oka and Yoshiki Komuro, kindly spared time to proofread the manuscript, and their efforts in the
model development over several years are also appreciated. The model development is also supported by
collaborating partners outside CCSR, and the contribution made by Tatsuo Suzuki (Frontier Research Center
for Global Change, Japan Agency for Marine-Earth Science and Technology) is outstanding in adapting the
model to eddy-resolving resolution and coupled modeling.

Some of the description herein may seem verbose to some readers, but such verbosity is mostly intentional.
COCO is developed at a university, which means that it is not only a research tool but also intended to be
an educational tool for students, even of undergraduate level. I hope this documentation to serve as good

learning material for those who are inexperienced in numerical modeling of the ocean.

Hiro Hasumi
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Chapter 1

Model Formulation

1.1 Basic Equations

The basic equations for COCO are the primitive equations for the ocean on a sphere, where the Boussinesq
and hydrostatic approximations are applied. Several more approximations are employed for usual general
circulation models of the ocean and atmosphere. See, for example, Peizoto [1991] for detail. The equations
are formulated on the generalized curvilinear coordinate in horizontal, and on a hybrid of the geopotential
height and normalized geopotential height in vertical. The normalized vertical coordinate is employed to
avoid outcropping of surface layers, and used between the free surface and a fixed geopotential depth in the
upper ocean (~ 50 m in most applications).

The coordinates are denoted by ¢ for time, x and y for the two horizontal directions, z for the geopotential
height (measured upward from the mean sea level), and o for the normalized geopotential height (1 for the
free surface and 0 for a fixed depth above which this coordinate system is applied). With «, v, and w for
z, y, and z direction velocity components, respectively, P for pressure, T' for potential temperature, S for

salinity, and p for density, the equations under the z vertical coordinate are written as:

?9? L [%(hyuu)+§y(hmvu)} +%(wu)+hzyuv hyavv = fv = polh ?f; +Vu, (L)
g: T W L%(hyuv) + %(hmvv)] + %(wv) + hypuv — hgyuu + fu = polh (‘(39_1; +Vo, (1.2)
0 = —Z—]:—pg, (1.3)

s L] 42— o o

S [%<hyuT>+§y<hmvT>] + 2 wr) = D, (15)

% + h:hy {%(h_yuS) 8‘9 (ha vS)] aﬁ(wS) ~ Ds, (1.6)

p = p(T,S,P), (L.7)

where f is the Coriolis parameter (= 22 sin ¢, where 2 is the angular velocity of the earth’s rotation and ¢
is latitude), g is the gravitational acceleration, and pg is a fixed reference density value. The coefficients h,
and h, are the metrics for the  and y coordinates, respectively, and

Lo 1o,
hehy Oy’ %" hghy Oz
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The way to obtain metrics for a selected horizontal coordinate system is described in chapter 2, and see
appendix D for the basis of representing the equations under the generalized curvilinear coordinate system.
VY and D represent viscosity and diffusion terms, respectively, and their formulation will be described later.
The equation of state (1.7) used in this model is a polynomial approximation of the TES80 formula [UNESCO,
1981]. Tt is described in appendix C. The model can also deal with passive tracers (tracers which do not
affect density of seawater), and their equations are formally identical to (1.5) and (1.6).

There’s no explicit mechanism to remove vertically unstable density stratification in these basic equations,
due to the hydrostatic approximation (1.3). The effect of vertical convection is parameterized by convective
adjustment, which is artificial, instantaneous vertical homogenization of unstable water columns, or by some
other methods. The convective adjustment is described in chapter 4.

Equations under the o vertical coordinate are derived now. The mean sea level is set to z = 0, and sea
surface height is represented by z = n(z,y,t). By prescribing a fixed depth z = zp(< 0), the normalized

vertical coordinate o is defined as
Z — ZB

n-zB
Hereafter, the coordinate systems with the z and o vertical coordinates are called z and ¢ coordinate

g =

(1.9)

systems, respectively, and the independent variables for the z coordinate system are temporarily described
by (z*,y*, z*,t*), while those for the o coordinate system are described by (x,y,o,t). The transformation
between the two coordinate systems is described by
r=x", y=y, U:z*—izB’ t=1t". (1.10)
n—2%2B
When a physical quantity ¥ is functionally represented as ¥ = ¢*(z*, y*, 2*,t*) in the z coordinate system

and as ¥ = ¢ (x,y,0,t) in the o coordinate system, its derivatives are transformed as

vt D 0e 000y 0000 v 0

or* Oxr dx* Oy dz* = OJo dx* Ot dx*
- g—i’ - —023%%}’ (1.11)
g;f* - %_nszg_Zg_f’ -
gf* _ n_lng_f, (1.13)
% - %—zf - é%g—f. (1.14)

Lagrangian differential of ¥ is transformed as
S

_ %—f+%g—f+%g—f+n_w@g—f—nf@g—f(%jth%%Jrh%g—Z), (1.15)

where the velocity components are assumed to represent the same quantities in the both coordinate systems.
Vertical velocity in the o coordinate system, w, is defined by
do w o 0 u O v 0
w= 2 = - gry wen, von. (1.16)
dt*  n—zp mn—2zp \0t hy0x hydy

and thus (1.15) is rewritten as

dyt 0y o uwdy vy W _dy
a0t Thoox myoy Yoo dt (1.17)
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Using these relationships, (1.1)—(1.6) are transformed as

u B 1 oP on
s + hgyuv — hygvv — fv = P (833 + pgm) + V,
dv B 1 oP on
ot~ oyt fu = = (S v anSl) 4,
0 - -1 9P
- n—zp 80’ pgv
on 1 0 Ow
S i | stn = o)+ bt = )] |+ (0 20) 5
0 1 0 0 0
ST =200+ i { G0 = 2o + G Tl = 25)] 4 5T )

= (n—28)Dr,

S5t — o+ 1 { S = 2] + 5 avS(n = 2] | + S-S (0 — 22

= (n_ZB)st

(1.18)
(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

where the diffusion terms in (1.22) and (1.23) are assumed to be expressed with the same dimension as in

(1.5) and (1.6). Here, the advection terms in the momentum equations are represented by the advective

form, while those in the tracer equations are by the flux form. These expressions are coordinated with the

actual discretization of COCO, which will be described in chapter 3.

The prognostic equation for sea surface height is obtained by vertically integrating (1.4) from bottom

to top. By expressing the depth of the ocean floor by z = —H(z,y), vertical integration of the continuity

equation yields

0 1 o
—(h —(hgv)d JRS S —
hahy /—H 335( ) hahy J_ g 8y( v)dz + wla=y — Wli=——g =0

Applying the relationships

"o ) K on aH
[ ot = (o [ o) =2, 2

m9 0 " on oH
[Ha—y(hzv)dz = 3 (h.’r /4{ Udz) —U|z:nhra_y _U|z:—HhIa_y’

and the later described boundary conditions for w, (1.52) and (1.53),

877 1 0 0
ot +hh |:a (hU)+a—y

is obtained, where U and V indicate the vertically integrated horizontal velocity components

n 1 ZB
/ udz = (n — ZB)/ udo +/ udz,
—H 0 -H
n 1 ZB
Vv = / vdz = (n — ZB)/ vdo —l—/ vdz.
—H 0 -H

(hIV)] =0

U

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

When sea surface pressure P, is given, pressure in the ocean is calculated by vertically integrating (1.3)

and (1.20) from the sea surface. It is expressed as

1
Pn—i-g(n—zB)/ pdo’ for zp<z<n (0<o<1),

g

P

1 .
= Pn+g(77—ZB)/ pdo—i-g/ pdz' for z < zp.
0 z

(1.30)

(1.31)
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1.2 Diffusion and Viscosity Terms

1.2.1 Diffusion

The case considered here is that:
1. Diffusive flux of tracer follows the Fick’s law.
2. Diffusion coefficient tensor is diagonal, and its two horizontal components are identical.

It corresponds to a classical case of Laplacian diffusion, with anisotropy between the horizontal and vertical
directions. Other cases, such as isopycnal diffusion, will be described later in corresponding sections. Only
the expression for D is presented here, as that for Dg is obvious once Dr is known.
When the horizontal and vertical diffusion coefficients are described by Ky and Ky, respectively, the
components of the diffusive tracer flux vector are represented by
Ky 0T Ky oT
T TS Y h—ya_y’

The diffusion term is the divergence of this vector, thus
1 0 hy, 0T 0 hg OT 0 oT
Dr=—|—|Kg2— — (Kg—— — (Ky— | . 1.33
T ik, [m( th8m>+8y< th8y>]+8z< V82> (1.33)

1.2.2 Viscosity

or
0z’

2 Ky (1.32)

Under the shallowness and hydrostatic approximations, the viscosity terms are represented by

1 1 0 o Tea — Tyy 1 0,, OTpz  Tuz
= —— | =L (2l T ) L =9 2 Iz : 1.34
v hahy [hy ox (hy 2 + he Oy (haTay) | + 0z + a (1.34)
1 1 6 2 1 8 2 Tyy — Trx aTyz Tyz
v = T a_ T T a_ - 1.
v hahy [hy Oz yTay) + ha Oy (hr 2 * 0z t (1.35)

where T is stress tensor. A constitutive equation linearly relates components of the stress tensor with
components of strain rate tensor €. For the classical case of Laplacian viscosity with horizontal-vertical

transverse anisotropy, the constitutive equation is

Tox —Tyy = 240(Ezz — Eyy), (1.36)
Toy = 2AHEay, (1.37)
Toz = 2AvEass, (1.38)
Ty = 2Avey, (1.39)

and components of the strain rate tensor are represented by

Eow — Eyy = hl_xg_z + hayv — hiyg—z — hyau, (1.40)
for = % (g—: - %) : (1.42)
ey = % (% - 2) . (1.43)

Ap and Ay are horizontal and vertical, respectively, viscosity coefficients. This formulation is well-defined

for the case of spatially varying viscosity coefficients. See appendix D.6 for detail.
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1.3 Boundary Conditions

A no-slip condition is imposed on the momentum equations (1.1)/(1.18) and (1.2)/(1.19) on lateral bound-

aries:

u|lateral - O, (144)
U|latera1 = 0. (145)

At the bottom, vertical momentum flux is assumed to follow a simple quadratic drag formula, and the

bottom boundary condition is expressed as

Ava—u = CyWuZ+v? xu, (1.46)
0z bottom

Av% = CyvVu?+0v?xo, (1.47)
bottom

where Cj is a drag coefficient (nondimensional). Since the vertical resolution is not fine enough to resolve
the bottom Ekman layer in most applications, the flow direction of the model’s bottom level is expected to
be significantly different from that at the ocean floor. In order to take it into account, the bottom stress is
often formulated by

V% = CyVu?+v2 (ucosf+vsinb), (1.48)
bottom

V% = CyvVu?+v2 (veosh — usinb) (1.49)
bottom

with nonzero turning angle 8, although it is fixed at zero in the default setup of COCO. At the sea surface,

the condition is

ou T,
0z surface Po
v
Ay = = I (1.51)
0z surface Po
where 7, and 7, are  and y components, respectively, of surface wind stress.
Continuity of fluid requires a boundary condition for w at the ocean floor:
u|bottom oH 'U‘bottom o0H
w =— — — . 1.52
‘bottom ( hm Oz hy ay ( )

On the other hand, w at the sea surface is defined by

dn
w | surface — E

on  Ulz=n On  v|z=y On
= —_— —_— -_—. 1.
9t " hy Ox " h, Oy (1.53)

By definition, boundary conditions for w are:

Wlo=o = %;ZB’ (1.54)
n—2%B
W=y 1 on  ulz=y On  v|z=p On
I _ an o a1 —o. 1.55
Wo=1 n—zp 1N —2B <8t+ hy 8x+ hy Oy ( )
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For the tracer equations (1.5)/(1.22) and (1.6)/(1.23), a no-flux condition is applied on solid boundaries:

Z—Z = 0 (1.56)
solid

95 0, (1.57)

on solid

where 0/0n represents partial differentiation in the direction normal to the boundary. Sea surface boundary

condition for the temperature equation is

Fg
.t 1.58
ua (1.59)

surface

where Fpr is heat flux at the sea surface (positive upward) and C), is the heat capacity of seawater. The

surface boundary condition for the salinity equation is generally represented by

08

> = —Fs, (1.59)

surface

where Fg is salt flux at the sea surface (positive upward, i.e., it is positive when salt is extracted from
seawater). Nonzero salt flux occurs mostly where sea ice forms or melts!. Note, however, that freshwater
flux at the sea surface, Fyy, dilutes or concentrates seawater and thus affects sea surface salinity even if
Fs = 0. Note also that addition or subtraction of freshwater by nonzero Fy makes it necessary to take
account of the heat (temperature) of added or subtracted water. Treatment for such effects of Fy on salinity
and temperature is described in section 3.2.3.

Sea surface boundary conditions are the principal driving force for the ocean circulation, and the methods
used in COCO to specify them are described in appendix A. The sea surface fluxes are significantly affected

by existence of sea ice, and its treatment is described in appendix B.

1.4 Mode Split for Horizontal Velocity

COCO version 4.0 explicitly predicts changes of the free surface, so external gravity waves are represented
in the model, whose phase speed is significantly larger than that of other waves or advection velocity. In
order to reduce the computational cost arising from a severe CFL condition for external gravity waves, their
governing equations are separately solved with a short time step. This separation is realized by splitting
the horizontal velocity components into their vertical mean (external mode) and deviation from it (internal
mode). The basic idea for mode separation is taken from Killworth et al. [1991], though it is re-formulated
from scratch to adapt to COCO.

1.4.1 External Mode Equations

The advection terms of the ¢ coordinate momentum equations (1.18) and (1.19) are expressed by

u Oa v da Oa
E%'Fh—ya—y +W%, (1.60)

where « stands for w or v. Its flux form is obtained by applying the continuity equation (1.21) as

1 1 0 1 0 0 on
—— —|hyua(n — zg)| + —— —|heva(n — z)|+ (n — zp) — (wa) + a— 7. 1.61
g et = 2+ i hvaln = )]+ (1= 2e) g (ea) +agl b (16D
IThere also is extraction of salt by generation of sea-salt aerosols, which is induced by seawater splashes, and their precipi-
tation leads to addition of salt. Such factors are negligible.




I. MODEL FORMULATION 7

Therefore, vertical integration of the advection terms of the ¢ coordinate momentum equations yields
( )/1 u8a+v8a+ Ja d
—z — 4 — o
" B o \hg Oz  hy Oy do

1 0 1 1 9 1
= hmhy% {hy(n—zs)/o uada} + hxhya_y {hx(n—zg)/o vada}

on [*
—(n — zB)(wa)|o=0 + o ; ado. (1.62)
Since ) ) )
da 0 on
(n—zB)/O Edd— 5 [(77—23)/0 ado’} - at/o ado, (1.63)

vertical integration of da/dt becomes

Y THCR (Y h BN [
zB) o = 5 |-z an hhy O v(n— 2B Ouaa

1 9 1
Tty 0y {hgf(” - ZB)/O ”ada} — (1 = z)(wa)|o=0. (1.64)
For z < zp
 da * 9 S 9 0
/H o —dz = Edz —|—/ { " {8 (hyua) + a—y(hmva)] + &(wa)} dz

8 #B 1 zB §

= a/_ adz + T r (huadz+/ o hva)d}
+Hwa)| =y — )\z__H
o [ o [ OH

ot /_H {% /_H hyuadz — hy (ua)|.=—u 895}

1 o [*F 0H
- [B_y [H hyvadz — hy(va)|,=— g ay]

U|z=— aH V|p=— H
ey = el (‘%% | o a—>
® y

G /ZB adz + —— L |2 h /ZB uodz h / vadz | | + (wa)| (1.65)
- 8t _ hrhy Bm v _H r H FEEERT
Therefore, vertical integration of da/dt over a full water column is
' da 5 da
n—z / —do* / —dz
(n=2p) 0 o dt
a 1 a ZB
= g{(n—z]g)/o ada]—i—a/Hadz
9 ! 1 9 “n
— |hy(n — d — | h d
+hzhy8m [ »(n ZB)/O uQ a} + hohy Oz ( y[H uo z)
9 ! 1 0 =z
y {hz(n— ZB)/O vada] + hzhyﬁ_ /H vadz) . (1.66)
oP an

(hw
Y _
The pressure gradient term in the o coordinate is represented by

_|_

_ apﬁ ! / on ! ap .,
o T0P9%, = o + (Up—k/a pdo ) 99, +g(n— ZB)/U %do* (1.67)
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for the x direction, for example. The parenthesized quantity of the second term in the right hand side

becomes sea surface density for o = 1, becomes averaged density over 0 < o <1

1
ﬁ"z/ pdo (1.68)
0

for ¢ = 0, and monotonically decrease with o in between (as p is a monotonically decreasing function of
o). As described later, the dependence of this quantity on o makes the mode separation difficult. Assuming
that density variation over 0 < o < 1 is small, therefore, this quantity is approximated by p°, which means

that the pressure gradient terms in (1.18) and (1.19) are replaced by

oP on 0P, on

%-i-apga— — 8—+p ga _ZB / (169)

opP on 0P, on dp ;

By +o pga By +p° ga +g9(n—2zB) / —do (1.70)
Since horizontal derivative of (1.31) is

oP 0P, _, On L ap *B 9p .,

e = o TP 95, tIm ZB)/O axdoJrg/Z 57 (1.71)

this treatment does not violate continuity of pressure at z = zp, at least.

Using the above, vertical integration of the momentum equations (1.1)/(1.18) and (1.2)/(1.19) results in
oUu 1 0 1 9 1 0 ZB 5
rn - fV = _hzhya_x |:hy(77—ZB)/O U dO':| - hg;hy% (hy [H U dz)
]. a 1 1 a zZB
- a._ hz - d - - hz d
ol Oy [ r ZB)/O " “} hahy ay< /,H w Z)
1 ZB 1 ZB
—hay [(17 — ZB)/ uvdo +/ uvdz | + hyy {(n — ZB)/ vido +/ ’02d2:|
0 -H
—zB) / Vudo +/ Vudz

P’9iln+H)On n+HOIP, g(n—zB)(zBJrH)aﬁ”

poh dx  pohy Ox 8
B —ZB / /d /895 poh / dz/ dz (1.72)
W g[h oo ] - (hv/_H““dZ)
_— g{h (n—ZB)/OvadU]— ! §<h /_z;v2dz>

1 ZB 1 ZB
—hye [(n — ZB)/ wvdo +/ uvdz] + hay {(n — zB)/ wido +/ u%lz]
0 -H 0 -H
1 ZB
(n— zB)/ V,do —|—/ Vydz
0 -H

_P°gln+H)On n+HOP, g(n—ZB)(ZB + H) 3?"
pohy Oy pohy Oy

_9< —ZB /do—/d’ y_pogh/ dz/ dz . (1.73)
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Here, we rewrite these equations symbolically as

ou p°gin+H)on (n+H)OP,

_ an _ 9% L x 1.74
A pohe  Or  pohs Oz (L74)
v p°gn+H)on (n+H)OP,

LU = — an_ el R 7 1.75
ot ! pohy Oy pohy, Oy (175)

These are further modified to

ou _ Py +H)on (m+H)OR, .,
5 IV = PRI i s + X' +Vy, (1.76)
ov _ P9+ H)on (n+H)OPR,
B +fU = pohy 9y pohy Oy +Y' +Vy, (1.77)
where
X = X-w, (1.78)
Y = Y -Vy, (1.79)

and Vy (V) is calculated by replacing u (v) by U (V) in V,, (V,). This treatment is for the sake of numerical

stability. These equations are approximated by

oU _ gHO H 3P, ,
TV = o m e X Ve (1.80)
oV _ _gHOn _H 0Pk .,
T = e Ty T W (1.81)

The equations (1.27), (1.80) and (1.81) construct the governing equations for the external mode. One time
interval of integration for the internal mode equations is split into a number of shorter time intervals, and
integration of the external mode equations proceeds incrementally by using that shorter time step. During
an interval of internal mode integration, X’ and Y’ are estimated once initially and don’t vary, while Vy
and Vy change according to changing U and V.

1.4.2 Internal Mode Equations

The momentum equations (1.1)/(1.18) and (1.2)/(1.19) can be expressed in the form of

ou 7°g 877 1 0P,
- _ — 1 1.82
ot Y " pohe 0z pohs Ox +Gx, (182)
v 7°g 877 1 0P,
4 = — — — + Gy. 1.83
ot fu pohy Oy pohy Oy Y (1.83)

These formal expressions are identical between the z and o coordinate systems. Here, an average of a

a = %{(—ZB)AladU+/Z; udz} (1.84)

quantity « in the form of

is considered. Since its upper and lower limits are independent of time, identities

o1 — 7°g 877 1 0P, ~
ot = " pohe 0z pohy Oz +Gx, (1.85)
00 - p’g On 1 0P, -
Z i o= 222 Toyd 1.86
or " pohy Dy pohy Jy i (186)
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hold. On the other hand, when quantities & and v which follow

94
a—;‘ —fo = Gy, (1.87)
5%
a_: Y fi = Gy (1.88)
are considered, equations
At — . d(u —
2D _jo-5) = Do), (1.89)
a N = B a o~
%4—]0(12—1)) = %—Ff(u—ﬂ) (1.90)

hold, as the approximation (1.69) and (1.70) are applied. Therefore, deviation of velocity components from
their average of the form of (1.84)

uv=u—a, v=v-10 (1.91)

is obtained by solving (1.87) and (1.88). This deviation is here defined as the internal mode of horizontal
velocity.

1.4.3 Mode Combination

When the external (U and V') and internal (v’ and v") modes are given, actual horizontal velocity components

u and v are calculated by

U , o0 [t

_ _ 1.92

u 77 +u 7 ), udo, (1.92)
AV

v o= +v ; vdo. (1.93)

It is impossible to analytically solve these integral equations. Nor is it easy to obtain their numerical solutions
under their discretized expressions. In addition, their dependence on 7 complicates tracer conservation under
discretized form. Therefore, the last terms of (1.92) and (1.93) are neglected.



Chapter 2

Horizontal Coordinate and Grid

In COCO version 4.0, the model horizontal coordinate/grid is generated by transforming the spherical
(longitude-latitude) coordinate system and its coordinate lines (meridians and latitude circles) using the
polar stereographic projection and conformal mapping. The basic concept of the transformation follows the
method proposed by Bentsen et al. [1999)].

2.1 Polar Stereographic Projection

Consider the spherical coordinate system on a sphere of radius 1/2, and represent its longitude by A and
latitude by ¢. Assume the extended complex plane! tangential to this sphere, which contact with the sphere
at ¢ = m/2 (the North Pole) and whose real axis is in the direction of A = 0. The polar stereographic

projection of a point (A, ¢) on the sphere onto a value (point) z of the complex plane is given by

™ PN ia
= tan (T = Z) e 2.1
z=tan{ -3 )e (2.1)

This mapping is a bijection, and its inverse is given by

A

arg z, (2.2)
p = g—Qarctan\z\. (2.3)

This projection is obtained as an intersecting point of the complex plane and a line connecting the given
point and the South Pole of the sphere (Figure 2.1).
This polar stereographic projection has the following characteristics:

1. The North Pole, the South Pole, and the equator of the sphere are transformed into the coordinate
origin (zero), the point at infinity, and a circle of unit radius centered at the origin, respectively, of the

complex plane.

2. Meridians and latitude circles on the sphere are transformed into straight lines starting from the origin

and circles centered at the origin, respectively.

3. A circle on the sphere (a plane section of the sphere) is transformed into a circle on the complex plane.
Note that a circle passing through the South Pole of the sphere is transformed into a straight line (a

circle of infinite radius) on the complex plane.

1The point at infinity is added to the complex plane.

11
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Figure 2.1: Polar stereographic projection.

4. Angle of any two intersecting curves is preserved by the mapping.
5. Shape of an infinitesimal figure on the sphere is preserved by the mapping.

The last item means that an infinitesimal figure on the sphere is isotropically enlarged or shrunk by this

projection, and its scaling factor is represented by

S 1 2, 2.4
1+sinep or _HZ‘ ( )

2.2 Conformal Mapping on Complex Plane

A mapping f defined in a region of the complex plane is called conformal mapping if it is analytic and its
derivatives are nonzero in the considered region. A conformal mapping f has the following characteristics:

1. A line tangential to any curve at zp is rotated by an angle of arg f’(zg). Therefore, an angle of two

intersecting curves is preserved by a conformal mapping.
2. An infinitesimal figure at zg is (isotropically) enlarged with a scaling factor of |f/(zg)|.

A transformation on the complex plane (a bijection of the complex plane onto itself) expressed by the

form of

(ad — be #£0), (2.5)

where a, b, ¢ and d denote fixed complex numbers, is called a linear fractional transformation. A linear
fractional transformation is regular and f’ # 0 except for z = —d/c. This singular point is mapped onto in-
finity. Including infinity, therefore, a linear fractional transformation is a conformal mapping on the extended
complex plane. A linear fractional transformation is uniquely determined by designating transformation of
three points. When the points z1, 2o and z3 are transformed into wi, we and ws, the linear fractional

transformation is determined as

(w—wi)(ws —wa) (22— 21)(23 — 22)
(w - ’U)Q)(’LUg - wl) N (Z — Z2)(Z3 — 21) ’ (26)

A linear fractional transformation maps a circle on the complex plane onto a circle (a straight line is regarded

as a circle of infinite radius).
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2.3 Transformed Coordinate and Grid System

The spherical coordinate system is defined by a set of (infinite) meridians (lines with constant longitudes)
and a set of (infinite) latitude circles (lines with constant latitudes). This coordinate system defined by
geographical longitudes and latitudes is hereafter referred to as the geographical coordinate system. A finite
subset of these meridians and latitude circles constructs a grid system for the geographical coordinate. The

following procedure generates a new coordinate/grid system on the sphere:
1. Project the meridians and latitude circles onto the complex plane by the polar stereographic projection.
2. Transform the projected lines by a linear fractional transformation on the complex plane.
3. Project the transformed lines back onto the sphere by the inverse of the polar stereographic projection.

Since the polar stereographic projection (and its inverse) and the linear fractional transformation preserve
an angle of any two intersecting curves, the new coordinate lines on the sphere meet at right angles at ev-
ery intersecting point. Therefore, the new coordinate lines define an orthogonal curvilinear coordinate/grid
system. Grid lines of the geographical coordinate system are naturally transformed into those of the trans-
formed coordinate system, and thus define a grid system on the transformed coordinate system. Note that
any conformal mapping, not restricted to linear fractional transformations, is allowed in the second step to
obtain an orthogonal curvilinear coordinate/grid system, but we limit our discussion to the case of linear
fractional transformations for practical applications.

Let x and y denote horizontal coordinates of the transformed coordinate system on the sphere, and let

x be transformed from “longitude” and y from “latitude.” Then, the ranges for these coordinates are:

0<ax<2m, -—

0ol

<y<

B

. (2.7)

Consider a point P on the sphere, whose geographical coordinate is denoted by (Ap,pp) and transformed
coordinate by (xp,yp). Its projection onto the complex plane is

T @P) iX
=t - — — P, 2.
zZp an(4 5 )¢ (2.8)

Let f be the linear fractional transformation used to obtain the transformed coordinate system currently
under consideration. Since the coordinate system is transformed by f, a coordinate value of a point is

transformed by its inverse f~!. Then, consider a point Q defined by
2o = fYzp) or zp= f(z0). (2.9)

Since the transformed coordinate of P takes the same value as the geographical coordinate of @ (transfor-
mation is so made), the geographical coordinate of @ is represented by (zp,yp), and its projection onto the
complex plane is
T _YP\
zo = tan (— — —) e'rr. 2.10
Q 1 9 (2.10)

Given the transformed coordinate of P, therefore, the geographical coordinate of P is determined as

Ao = argf(z0), (2.11)
pop = g—Qarctan\f(zQM (2.12)

(see Figure 2.2).
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>

LN,

ZP:f(ZQ

Figure 2.2: Transformation of coordinate values.

2.4 Defining a Suitable Linear Fractional Transformation

If we know the transformed coordinate of the geographical North and South Poles, i.e., if we know the trans-
formed coordinate (zxp,ynp) of the geographical North Pole (Axyp = 0, pnyp = m/2) and the transformed
coordinate (zsp,ysp) of the geographical South Pole (Asp = 0, psp = —7/2), it indicates that the linear

fractional transformation f yields

znp = f(2ng), zsp = f(250Q), (2.13)
where
znvp =0, zgp =00, (2.14)
and
ZNg = tan (E - yN—P) el NP, (2.15)
4 2
— ™ ySP) ixsp
=t - — — . 2.16
Z5Q an 1 5 )¢ ( )
This means that we can set z1, 22, wy and wy of (2.6) as

21 = 2NQ, %2 =25, wi =0, wy=o00. (2.17)

Thus, the current linear fractional transformation is written as

w= f(z) = 222 2n0)(E ~ 259) (2.18)
(z = 25Q)(23 — 2nqQ)
When the transformed coordinate (z3,y3) of another point is given with its geographical coordinate known,
the current linear fractional transformation is uniquely determined.

In most cases, however, we want to obtain a transformed coordinate system by designating the geograph-
ical coordinate to which the two coordinate singularities (the North and South Poles of the geographical
coordinate system) are moved. For example, when we want to move one of the coordinate singularities
to Greenland, it is straightforward to designate the geographical coordinate of the singularity of the trans-
formed coordinate system, whereas it is not easy to know the transformed coordinate of the singularity of
the geographical coordinate system. In this case, the inverse expression of (2.18) is applicable:

—2o(23 — z1)z/ws + z1(23 — 22)
—(23 — 21)z/ws + 23 — 22

w=f(z)=

(2.19)
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Figure 2.3: Designation of the third point. Under this choice, the coordinate lines A = 7w and ¢ = 0 (left) are
transformed into great circles (right), and the geographical coordinate of their intersecting point is (A¢, pc)-

where
T YN i
= ta (— — —) N 2.20
Z1 9 ( )
m ‘PS) i
t = S 2.21
Z9 = an ( B e s ( )

and (Ax, on) and (Ag, ps) indicate the geographical coordinates of the singularities (the original North Pole
and South Pole, respectively) for the transformed coordinate system. The third point can be, of course,

arbitrarily chosen. It is convenient in most cases to set

ws=—1, 2z3=tan (% _ ‘%C) ere, (2.22)

i.e., to designate the geographical coordinate (A¢c, p¢) to which the intersecting point of the equator and the
date line of the original geographical coordinate system is moved. Furthermore, it is convenient in most cases
to select (A¢, pc) as the midpoint of the great circle connecting the two (moved) singularities (Figure 2.3).
In the Descartes coordinate with its origin at the center of the sphere, the points (An, on) and (As, ps) are
represented by (cos @ cos Ay, cos @y sin Ay, sin ey ) and (cos@g cos Ag, cos g sin Ag, sin ¢g), respectively.

The Descartes coordinate (£,7,¢) of the point (Ac, ¢¢) is then given by

2§ = cos@n COS AN + COS g COoS Ag, (2.23)
2n = cospn sin Ay + cos pgsin g, (2.24)
2¢ = sinpy +singg, (2.25)
and thus
1 ¢
(A, pc) = | arctan —, arctan ——— | . (2.26)
§ VE:+n?

Note that the above method of automatically determine the third point is not applicable to the case of
As = Ay + 7 and pg = —ppn, which corresponds to simple rotation of the spherical coordinate system,
as it results in £ = n = ¢ = 0. In this case, the third point should be selected as (Ay,0) of the original

geographical coordinate system. The geographical coordinate to which this point is moved is

{ (AN, on —7/2) when 0< oy <7/2

(Av +7,—py —7/2) when —7/2<¢n <0 (2.27)
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Figure 2.4: Transformation of metrics.

2.5 Metrics of Transformed Coordinate

Components of the metric tensor of the transformed coordinate system are derived from those of the ge-
ographical coordinate system (acosp for A and a for ¢, where a is the radius of the sphere). Since the
current coordinate transformation converts an orthogonal coordinate to another orthogonal coordinate, it
suffices to take account of scaling factors for the two coordinate directions. The scaling factors for the two
coordinate directions at a given point are the same, as the polar stereographic projection (and its inverse)
and conformal mapping isotropically magnifies any infinitesimal figure.

An infinitesimal circle centered at the point () on the sphere is projected onto the complex plane as a
circle centered at zg with a scaling factor of 1+ |2¢|?. This projected infinitesimal circle is transformed into
a circle centered at zp with a scaling factor of | f'(zq)|, which is then projected back to a circle on the sphere
centered at the point P with a scaling factor of (1+ |zp|?)~!. As a whole, an infinitesimal circle centered at

@ on the sphere is mapped to a circle centered at P by the above procedure, and its scaling factor is

1+ |20
T )l (2:28)

(see Figure 2.4). Coordinate lines are magnified (or shrunk) with this scaling factor, so metrics should also
be scaled by the same factor. Therefore, the metrics of the transformed coordinate at the point P are given
by

1+ |zq]?
he(zp,yp) = m\f’(z(g” $acosyp, (2.29)
_ 1+ |ZQ|2 ’
hy(xp,yp) = - BE 1f'(2Q)] - a. (2.30)
The derivative of (2.19) is
F2) = (23 = 21)(23 — 22)(21 — 22) (2.31)

ws [z3 — 22 — (23 — Z1)Z/U]3]2.
2.6 Transformation of Vector

When local Descartes coordinate (see appendix D for its definition) representation is adopted to quantify
components of vectors for both the geographical and transformed coordinate systems (it is an usual choice),

components of a vector on the transformed coordinate system are obtained by simply taking account of
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Figure 2.5: Rotation of coordinate lines.

relative rotation of the two local Descartes coordinate systems. In order to know that angle of rotation
at a point P, it suffices to know the angle between a line of constant A (or constant ¢) passing through a
point P and a line of constant x (or constant y) passing through the same point. Assume that the line of
constant z is inclined by an angle of « against the line of constant A\, the components of a vector for the
transformed coordinate system is determined by calculating rotation of the components of that vector for
the geographical coordinate system by the angle of —a.

The polar stereographic projection of the line of constant A passing through the point @ is transformed
into the polar stereographic projection of the line of constant z, and the latter is inclined by the angle
of arg f'(zq) against the former (Figure 2.5a). On the other hand, the former is inclined by the angle of
arg zg — arg zp against the polar stereographic projection of the line of constant A passing through the point
P (Figure 2.5b). Therefore, the angle « is the sum of the two, namely,

a =argzg —arg zp + arg f'(z0). (2.32)

2.7 Mercator Grid

If a grid system of the geographical coordinate system is defined by a set of constant-interval meridians
and latitude circles, i.e., if both the longitudinal grid interval A\ and the latitudinal grid interval Ay are
constant, the actual shape of grids on the sphere varies with latitude (more latitudinally elongated rectangles

at higher latitudes). If one wish to define a grid system of the geographical coordinate system where shapes
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Figure 2.6: Grid system examples.

of the grids on the sphere are similar to one another, latitudinal grid interval should be varied with latitude.
For such a purpose, the Mercator projection is useful.

The Mercator projection of spherical surface onto a plane is defined by

X = A (2.33)
Y = Intan (% + %)} , (2.34)

where X and Y denote the projected coordinates. The Mercator projection maps an infinitesimal figure on

the sphere onto a plane with preserving its shape. Therefore, when a grid system is defined on the Mercator
coordinate system by lines of constant X and Y with constant grid intervals (AX and AY are constant),
its inverse projection onto the sphere forms grids of similar shapes on the geographical coordinate system.
Note that one must select upper and lower limits for Y (or equivalent geographical latitudes) in constructing
such a Mercator grid system, as the range of possible Y is unbounded (—oco < Y < 00).

Since the coordinate transformation considered hereabove preserves shape of figures, a Mercator grid
on the geographical coordinate system also defines a system of similar-shaped grids on the transformed
coordinate system.

2.8 Coordinate/Grid System Examples

Two examples for grid systems generated by the above mentioned procedure are shown in Figure 2.6. In
Figure 2.6a, there are 128 and 120 grids in the z and y directions, respectively. The base grid system on the
geographical coordinate system is a Mercator grid system defined between ¢ = 78°S and ¢ = 85°N. The
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geographical North Pole is moved to A = 40°W, ¢ = 75°N on Greenland, and the geographical South Pole
is kept unchanged. This grid system is actually used at CCSR as one of the standard model configurations.

Figure 2.6b exemplifies a so-called tripolar grid system. The regular geographical coordinate/grid system
is applied to the south of ¢ = 60°N. The grid system to the north of this latitude, on the other hand,
is generated by a linear fractional transformation, whose poles are located at A = 60°E, ¢ = 60°N and
A = 120°W, ¢ = 60°N. The grid interval in the y direction is constant, and the number of grids in the y
direction is chosen to match that of longitudinal grids of the geographical grid system defined to the south
of ¢ = 60°N (a half of longitudinal grids). The grid interval and the number of grids in the z direction
is arbitrarily selected. This method guarantees smooth (differentiable) connection of the two coordinate

systems.






Chapter 3

Discretization of Baseline Model

The mathematical model formulated in chapter 1 is discretized by use of the finite difference (or finite volume)
method. In the baseline model, very simple and primitive algorithms are adopted for finite differencing the
model equations. Some of those primitive schemes are replaced by much more sophisticated ones in most
applications. For the purpose of grasping the gross structure of the model, however, it is very useful to start
with the simple ones. More sophisticated numerical algorithms and physical parameterizations currently
included in the COCO package are described in chapter 4.

3.1 Arrangement of Discretized Variables and Their Labeling

Before going into the description of the finite differenced expressions of the equations, some general rules are
described first with regard to the arrangement of the variables on the grid system and the labeling of grids.

The rule defined here is utilized throughout this document.

3.1.1 Discretization in Time

The model is numerically integrated by using a fixed time interval At. When there is a need to specify the
time level, it is indicated by a superscript. For example, the value of the variable T at the n-th time level is

represented by 7.

3.1.2 Horizontal Grid

The domain is horizontally divided into a number of “boxes” by lines of constant x and y. Grid spacing in
the z direction Az is assumed to be constant, while that in the y direction Ay is allowed to vary (Ay is
a function of y). In the following description, the terms “east,” “west,” “north,” and “south” are used to
indicate horizontal directions. The direction of increasing z is referred to as “east,” and that of increasing
y is referred to as “north.”

The variables are arranged at grid points. The Arakawa B-grid system [Mesinger and Arakawa, 1976] is
used, where the horizontal velocity components are defined at the vertices of the grid boxes and the tracer
quantities (temperature and salinity), density, and sea surface height are defined at the centers of the grid
boxes. Hereafter in this document, the vertices of the grid boxes are called “velocity points” or “V-points,”
and the centers are called “tracer points” or “T-points.” As for the vertical velocity component, two sets of
grid-point values are defined: one defined at the vertices of the grid boxes and the other at the center. In the

horizontal view, these points for the vertical velocity coincide with either of V-points or T-points. However,

21
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Figure 3.1: (a) Horizontal arrangement of the variables. Symbol V is placed only where the V-point variables
could take nonzero values. (b) Labeling of the grid boxes in the horizontal direction relative to the centered
box denoted by L.

as described in the next subsection, the vertical velocity and the other variables are defined at different levels
in the vertical. When it is intended to draw a distinction, the terms “WV-points” and “WT-points” are
used. Coastlines are defined by grid lines connecting V-points.

Grid points are identified by subscripts attached to the variables. For example, T}, indicates the value of
the variable T" at the grid point labeled by L. The V-point labeled by L is located at the northeastern vertex
of the grid box containing T7.. When there is a need to refer to the grid points adjacent to the point labeled
by L, the labels E, W, N, S, NE, SE, NW, and SW are used for subscripts, which denote the adjacent
grid point to the east, west, north, south, northeast, southeast, northwest, and southwest, respectively. The

horizontal arrangement of the variables and the labeling of the horizontal grids are illustrated in Figure 3.1.

3.1.3 Vertical Grid

In the z coordinate region, the domain is vertically divided into “levels” by horizontal planes. Spacing of
the horizontal planes Az is allowed to vary with depth. In the o coordinate region, the domain is vertically
divided by lines of constant o, whose spacing Ao is also allowed to vary in vertical. At each horizontal grid
box, bottom of the water column must be located at z = zp or deeper. The partial step representation
[Adcroft et al., 1997] is adopted for bottom topography, where bottom of water columns does not have to
coincide with the vertical grid boundaries, so Az could horizontally vary.

The WT-point labeled by L is located at the center of the top face of the grid box containing 77,. The
same is true for WV-points. When there is a need to refer to the grid points vertically adjacent to the point
labeled by L, the labels U and D are used for subscript, which denote the grid points just above and below,
respectively. The vertical arrangement of the variables and the labeling of the vertical grids are illustrated
in Figure 3.2.

Depths of water columns H are given at T-points. It is now denoted by H”. The depths at V-points

HY are defined by the minimum of the four surrounding T-point depths, namely
HY =min(H. ,HL, Hy, Hy ). (3.1)

Only H) appears in the finite differenced expressions described below.
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Figure 3.2: (a) Vertical arrangement of the variables. Symbols V' and W are placed only where the variables
could take nonzero values. (b) Labeling of the grid boxes in the vertical direction relative to the centered
box denoted by L.

y 4
F," N FZL

1

' \.|IL
y 1w z (T‘ o '
Fry FY
(a) x (b) “D

Figure 3.3: (a) Horizontal view for the arrangement of fluxes. (b) Vertical view for the arrangement of fluxes.

3.1.4 Flux

The equations (1.1), (1.2), (1.5), and (1.6) are written in the flux-form, i.e., the advection term (and the dif-
fusion term in most cases) is represented by divergence of relevant flux. Adopting a flux-form representation
also in finite differenced expressions facilitates to preserve the conservative nature of the equations.

Let us consider a flux-form time-evolving equation for a quantity :

o) 1 (o, ., 9, ] OFY

where the subscripted F¥ is the flux of ¢ in the direction indicated by the subscript. The variable % is
a conservative quantity, in the sense that the volume integral of 1 does not change in time if there is no
flux across the boundaries enclosing the domain of the volume integral. For finite differencing this flux-form
equation, it is convenient to define the fluxes on the boundaries of the grid boxes. For the grid box containing
11, inside, the fluxes labeled by L are defined at the western, southern, and upper boundaries, respectively,
of the box (Figure 3.3). The flux Fj’ 1, for example, is the flux on the western boundary of the grid box
L, and at the same time it is the flux on the eastern boundary of the grid box W. Sharing the same flux
between the adjacent grids, the conservative nature is easily preserved in the finite differenced equation. The

discussion is applicable to any of the variables defined at T-points, V-points, WT-points, or WV-points.
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3.2 Time Differencing

Consider here the case of calculating values of the prognostic variables at the (n+1)-th time level when those
at the n-th and (n — 1)-th time levels are known. There are three sets of prognostic equations, namely, the
internal mode equations (1.87) and (1.88); the external mode equations (1.27), (1.80) and (1.81); and the
tracer equations (1.5)/(1.22) and (1.6)/(1.23). They are solved in this order, and each step of this procedure

is described below.

3.2.1 Internal Mode Equations

Since the equations to be solved, (1.87) and (1.88), include the Coriolis term, numerical time integration of
the equations require At be less than the inertial period when the Coriolis term is explicitly (forward-in-
time) integrated in time. This restriction for At is somewhat relaxed by introducing the semi-implicit time
stepping for the Coriolis term.
In estimating the Coriolis terms at the time level n, weighted average of velocity at the time levels n + 1
and n — 1 is used:
(fo)" = flav™ + (1 =)o), (3.3)

where v is the two-dimensional vector whose components are u and v, and « is the semi-implicit parameter
which takes a value between zero and unity. The parameter value is adjustable in COCO, and its usual

choice is 1/2. By defining
Av" = ,UnJrl _ ,Unfl _ (unJrl _ unfl’anrl _ Unfl) — (Aun7Avn)’ (34)

the time differenced expressions for the momentum equations (1.87) and (1.88) become

A"

—afAd" = Fy .
2AL Oéf v X (3 5)
A
AW = Fy .
SA; afAd v (3.6)
where
Fg = G%+ fo" (3.7)
o= GY% — fa" (3.8)
Given Fg and Fy, therefore, 4 and ¥ are solved as
2At
AL = —————5(Fy + 2AtafFy .
2At
AV = —————=(Fy — 2AtafFy). (3.10)

1+ (2Ataf)?

The advection and pressure gradient terms in Gx and Gy are integrated by the leap-frog time stepping,
ie., G% and Gy are estimated by using u”, v" and p"”. Density at the n-th time level is obtained by
substituting 7™ and S™ into (1.7). The viscosity term, on the other hand, is integrated by the forward-in-
time method, so u"~! and v"~! are used in estimating G% and G%..

For the sake of computational stability, the Euler-backward scheme (also called the Matsuno scheme) is
periodically applied, which is known to reduce high frequency variations induced by mode splitting nature

of the leap-frog scheme [Mesinger and Arakawa, 1976]. In the standard configuration of COCO, nine
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Euler-backward steps and one forward step are carried out after every ninety leap-frog steps. When the
Euler-backward scheme is used, the variables at the (n — 1)-th time level are replaced by those at the n-th
time level for the predictor step, and are replaced by those estimated by the predictor step for the corrector
step. The 2At is replaced by At, and Av" is defined by v"*! — v, as well.

3.2.2 External Mode Equations

The prognostic variables in the external mode equations (U, V and 7n) are numerically integrated from the
(n — 1)-th time level to the (n + 1)-th time level. In so doing, the time interval 2At is divided into N
subintervals, and the Euler-backward time stepping are repeated by IV times.

The number of repetition of the Euler-backward time stepping is indicated by a superscript ¢. In the

predictor step, temporal estimates U’, V' and 7/ are calculated by

Z/A_/?\; - _hmlhy a%(hin) + agy(hmVi) , (3.11)
Then, the corrector step gives (i + 1)-th step values:
i+l _ i i+l
U2At/NU -1~ 2jL z - _%Z_Z - poihz% P .
V;Zt;NVi * fUm;r = - _%Z_Z - pgly 83—? e o

Here, the Coriolis term is semi-implicitly differenced, as in the case of the internal mode equations. The
semi-implicit parameter is fixed at 1/2.

For later use, quantities U and V' which satisfy

,r}n+1 _ nn—l 1 a o a
2At B hahy Y

%(hyU) + a—(hﬁ) (3.17)

need to be calculated. They are obtained by averaging U’ and V', as the sum of the left hand side of (3.14)

results in
i+1 i n+1 n—1
Ui -1 n -7
=N . 3.18
2At/N 2At ( )

=1
3.2.3 Tracer Equations

Only the prognostic equation for salinity is described here, as the procedure for the temperature equation
is identical. Horizontal velocity components used in the advection terms of the tracer equations are defined

here by

+u'™, (3.19)

+™, (3.20)

T <=l <
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where the mode combination equations (1.92) and (1.93) are applied under the condition of n = 0, and v’

and v’ are defined by (1.91). Advection velocity so defined satisfies

il LS SN P /1 ' /ZB '
SATL = hohy O (—zB)hy ; u'do + hy Hudz

1 9 by e
_h;phya_y [(—zB)hz/o v do—i—hz/Hv dz} (3.21)

To be consistent with the approximation made in the mode combination, the o coordinate tracer equations
must be modified (tracers are not conserved otherwise). It requires that 7 should be set to zero in the
horizontal advection terms of (1.23):
—zp | 0 0 0
—(hyuS) + —(hzvS)| + (n — 2B) =—
| g uS) + 5 (19)] + (1= 20) 5

0

5[5(77 —2p)] +

(wS)=(n—2p)Dsg, (3.22)

where (n — zp) in the right hand side should also be replaced by —zp for horizontal diffusion (not for
vertical diffusion). The vertical component of the advection velocity is estimated by vertically integrating
the continuity equation (1.4)/(1.21) from the bottom, with its value at the bottom taken to be zero. The o

coordinate continuity equation must also be modified as

on —zp |0 0 ow
Sy {a—x(hyu) + a—y(hzu)] - 2p) 50 =0 (3.23)

The time-differenced equation for (3.23) is represented by

n+1 n—1
n -1 —ZB 0 t 0 t n—1 ow
= Z(n Z (hyvt)| — R 24
o~ )+ gt = = 2 5 (3.24)
where 7" *! is already known. The time-differenced equation for (3.22) is represented by
Sn+1(nn+1 _ ZB) _ Snfl(nnfl _ ZB) —zp OFS aF; L OFS
- @ n—1_ o 3.25
2At hzhy | Ox + oy + 25) oo ( )

where F¥ indicates flux of salinity, whose physical dimension is the product of salinity and velocity, due to
advection and diffusion in the direction of its subscript. Note that the time level of 7 in the last term of
the right hand side must coincide with that used for the last term of (3.24). The adequate time level for S
used in estimating the flux F'° depends on what kind of time differencing scheme is used. The default time
differencing scheme of COCO version 4.0 is the forward-in-time method for both of advection and diffusion,
i.e., S"! is used for flux estimation. Changes of salinity due to addition and/or subtraction of freshwater
through the sea surface are not calculated here but separately treated afterward. When actually solving the
equation (3.25), an alternative form

St gttt o pntl gl gnel 1

2At —ZB * 2At —ZB - hIhy

OF% BF;
ox Jdy

vl — zp OF7
—ZB do

(3.26)

is used, as its right hand side takes an almost identical form" to that of the time differenced salinity equation
in the z coordinate (1.6):
Sn+1 _ Snfl 1

2At ~ hghy

OF7 OFy

N OF?
or oy

0z’

(3.27)

which makes it possible to merge the vertical direction loops for the o and z coordinates in programming.

n—1

1t actually becomes identical when —zgAc and (n — zp)w are regarded as Az and w, respectively.
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e o
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Figure 3.4: Redistribution of tracer for o levels due to freshwater addition.

_ AzyT=Az/B=An (Ac;+Ac),)
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After solving advective/diffusive changes of tracers, the effect of heat and freshwater fluxes at the sea

surface is taken into account. Since the height of water column contained in the o coordinate region changes

with the freshwater flux, tracers at each o level should be re-estimated. Let K be the number of total o

levels, and let the first level represent the top (surface). When surface freshwater flux Fyy (positive upward,

i.e., sea level is lowered when Fy > 0) is imposed, the sea level becomes
"t =t A
after taking the effect of Fyy into account, where
An = —2AtFy.

When An > 0, the bottom of the k-th ¢ level in the z coordinate is raised by
k
AzP = (1 - ZAU;) An,
1=1
where Aoy is the vertical grid interval for the [-th level, and its top is raised by
k—1
Azl = (1 -3 Aol> A,
1=1
where
Azl = AP |
holds. Therefore, salinity of the k-th o level becomes

Sptt T —zp) — ST AP + ST AT

)
77/n+1 — 2B

m—+1 __
Sy =

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

where An < —zpAoy, is assumed, which means that there is no need to take account of contribution from

SZf; in this expression. For its application to the top level (k = 1), Sy, which represents salinity of the

incoming freshwater, is taken to be zero?. See Figure 3.4 for its illustration. When An < 0, on the other

2Separate consideration is required when addition or subtraction of saline water is dealt with, as in the case of sea ice

formation or melting. See appendix B for it.
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hand, the bottom of the k-th o level is lowered by |Az|, and its top is lowered by |Az}|. In this case, tracer
of the K-th level is not affected. For 1 < k < K — 1,

Set ot = zp) = Spfi AP + SpT AL
77/n+1 :

Spntt = (3.34)

—2p

When (3.33) is applied to the temperature equation, Tj is regarded as temperature of precipitating
water. To be more precise, the effects of freshwater input due to precipitation and freshwater extraction due
to evaporation should separately be treated, where (3.33) is applied to the former and (3.34) is applied to the
latter. The effect of heat flux Fiy (positive upward, i.e., sea surface is cooled when Fy > 0) is represented
by subtracting 2AtFy /poC) from the numerator of (3.33) or (3.34) for k = 1.

3.2.4 Implicit Treatment for Vertical Diffusion

Consider the case that vertical diffusion is represented by the form of the last term of (1.33) and it is
implicitly (backward-in-time) integrated. This is the standard choice of COCO version 4.0.
Let us now express (3.26) by

Sty
2At —ZB 2At —ZB

when whole of the diffusion term is time differenced by the explicit (forward-in-time) method, which means

=Fpt (3.35)

that S”~! is used in Dg. The subscript k indicates vertical level, and this expression is applied to 1 < k < K.
For the levels k > K + 1, (3.27) is written as
SpH - syt
2At

When the vertical diffusion term is implicitly solved, the corresponding equation for 1 < k < K becomes

SIZL+1 o SIZL—l 77n-t,-l — 2B 77n-‘,—l _ nn—l SIZL—l

=Fr (3.36)

2At —ZB + 2At —ZB
1 Sn+1 _ Sn+1 Sn+1 _ Sn+1
—Frl 4 Tkl PR ¢ k kt1
k —zpAoy, ( VR = zp) Aoy, VM T = 2p)Ad
1 St —sp! S —Skn
K K 3.37
—2pA0y ( T e A T LAy B L
and that for £k > K + 1 becomes
n n— n+1 n+1 n+1 n+1
Sptt—spt _ p-l L Spt —spt K Sp - Seh
2AL k Az \ VAL VERTT A
1 Sici =S Skt -Sin
_ K - K —_ . 3.38
Ao ( Vk Az VE+1 A, (3.38)

Note that Si_1 — Sk is regarded as zero for k = 1, and Sy — Sk41 is regarded as zero when the level k + 1 is
below the ocean floor (no-flux condition). Note also that (n"~! — zp)Ac},, is taken to be Az} . See the
later description for the definition of Ac’ and Az’. By defining

AS, = Sptt—spt (3.39)
n+1 n—1
_n —-n
Az, = (—zp)Aoy for 1 <k <K, (3.41)
Az, = ("' —zp)Ac), for1<k<K, (3.42)
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the previous expressions are rewritten as

ASp "t — 2p spt 1 ASp_1 — AS}, ASy, — ASpi1
— Fn Ky, —f—= "% K _— 3.43
SV R—— + M - P A Vk Azl Vk+1 N ( )
for 1 <k <K and
ASy, 1 1 ASL_1 — AS}, AS; — ASky1
— =F — | Kyp—————— — K _— 3.44
oar Tk T AL ( VR AL VT (8:44)
for k > K + 1. These are further rewritten as
Snfl
—apASk_1 + BrASE — eASk11 = F,:L_l — T kZ (1 <k< K), (3.45)
—ZB
—apASk—1 + BASy — ASky1 = FP (B> K +1), (3.46)
where
Ky
= — 4
T A (3.47)
Kyt
= — 3.48
Tk AzAzy (3.48)
G = UL i<k < K (3.49)
k= 2At(—ZB) k Yk =~ > ) .
1
= — f > K+1. .
2At+ak—|—’yk or k> K + (3.50)
Therefore, ASj is obtained by solving the linear equations expressed by a tridiagonal matrix:
— 0 PP n—1 ’f]f,S”il
Sty as y(Fo
2 2 2 AS, f;il Sy
. . . . —zB
0 —ax Pk —VK 0 ASk - n—1 _ mSy '
ASK+1 fK 1 —ZB
0 0  -—arxt1 Bry1 —vk+1 O , Fri
(3.51)

3.2.5 Accelerating Model’s Approach Toward a Steady State

When the surface boundary conditions are fixed in time, it is expected that the state realized in the model
approaches to a steady state after long enough time integration. The asymptotic time evolution toward a
steady state is accelerated by introducing “acceleration parameters” a. and . into the momentum and the
tracer equations [Bryan, 1984], where the time derivative terms of the momentum equations (1.1)/(1.18)
and (1.2)/(1.19) are multiplied by the factor a., while the time derivative terms of the tracer equations
(1.5)/(1.22) and (1.6)/(1.23) are multiplied by the factor v.. As obvious from these equations, a steady
solution, where 9/0t = 0, is not influenced by the choice of these parameters.

The a. larger than unity slows down the propagation speed of waves in the ocean, making it possible
to use a larger value for At; while the 7. smaller than unity lessens the volume of the ocean, making the
approach toward a steady state faster. The parameters may vary in space. Especially, it is sometimes useful

to take smaller values for . in the deeper levels, where thickness of the levels tends to be taken large.
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It is very easy to implement this acceleration technique into the model: just divide At by «. for the mo-
mentum equations (for both internal and external modes), and by ~. for the tracer equations. If vertically
variable . is introduced, however, care must be taken when convective adjustment is used. Since the pa-
rameter affects effective volume of grid boxes, conservation of heat and salt is violated unless its contribution
is taken into account.

It is also technically possible to set different values for a. between the external mode momentum equations
and the internal mode equations (a much larger value for the former). This treatment effectively reduces the
speed of fast external waves, so helps reduce the computational cost in solving the external mode equations.
This treatment is justified under the condition (assumption) that external waves do not play a significant
role in forming a long-term (much longer than the time scale of external wave propagation) mean state of

the ocean.

3.3 Spatial Differencing

3.3.1 Grid Spacing and Metrics

Since grid intervals in the y and vertical directions are variable, they are expressed by adding subscripts
denoting their position, such as Ay, Azp and Aop. Ayp is the y direction width of the grid box with
the T-point labeled by L at its center, and Az, (Acy) is the z direction (¢ direction) thickness of the grid
box with the T-point labeled by L at its center. Since Az can vary also in horizontal (when the partial
step bottom representation is applied), vertical grid spacing at V-points is defined separately from that at
T-points. The vertical grid spacing of the grid box with the V-point labeled by L at its center is defined by

the minimum of Az of the four surrounding T-points:
AZX =min(Azp, Azg, Azn, AzNE). (3.52)

There also is a need to introduce grid spacing defined by

Ay + A
Ayp, = 7“; N (3.53)
Azp + A
Az = # (3.54)
Aol = w. (3.55)

Ay’ is the y direction distance between the T-points labeled by L and N, and Az} (Ac%) is the vertical
distance between the T-points labeled by L and U. From another point of view, Ay} is the y direction width
of the grid box containing the V-point labeled by L, while Az} (Ao?}) is the vertical thickness of the grid
box containing the WT-point labeled by L. Position (coordinate value) itself is also indicated by subscript
and superscript. The y coordinate of the T-point (V-point) labeled by L is indicated by y1, (yY ), and the 2
coordinate of the T- or V-point (WT- or WV-point) labeled by L is indicated by z;, (2} ). Labeling of the
o coordinate is the same as that of the z coordinate. The definition of these grid variables are illustrated in
Figure 3.5.

The metrics h, and h, are also horizontally variable, so their position is denoted by their subscript.
There also is a need to distinguish T-point and V-point values, and it is denoted by superscript, as in the
case of grid interval. In the following description, values of the metrics are assumed to be defined only at

grid points (7- and V-points).
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Figure 3.5: (a) Grid spacing in y direction. (b) Grid spacing in z direction.

3.3.2 Continuity Equation and T-Point Vertical Velocity

The continuity equation represents conservation of fluid volume, so its discretization should be based on the
method of finite volume. For this purpose, the continuity equation is volume-integrated over a grid box.

Vertical integration of (1.4) from z = z; to z = 29 yields

0 2 o 22
py /Z1 hyudz + 7y /Z1 havdz + hohy (W]=2, — w]a=2,)

029 0z1
— {%hyub—w + a—th’U|Z—Z2:| + {%hyub—zl + a—th’U‘Z:Zl = 0, (356)

where 29 is the depth of grid top, thus it is independent of x and y (9z2/0x = 022/0y = 0). On the other
hand, z; is taken to be the depth of the ocean floor if the considered vertical interval hits the ocean floor.
Otherwise, 27 is the depth of grid bottom, and 0z1/9z = 9z1/0y = 0. Since a depth of the ocean floor does

not necessarily coincide with vertical grid boundaries, z; is a function of x and y in the former case. In this

321

case, the condition (1.52) applies with z; = —H, so

0z 021
[%h_yub_zl + a—th’l)|z—zl:| - ha:hyw|,z:z1 =0. (357)
Therefore, the vertically integrated continuity equation is represented by
a z2 a z2
— hyudz + — hgvdz 4+ hph 2mzy — W=z ) = 0, 3.58
axll ’l//u”z—i_ay\/z1 vaz + y(w‘ 2 w‘ 1) ( )

with a condition that w|,—., is taken to be zero when z; represents a depth of the ocean floor.
Horizontal integration of (3.58) over a grid box, whose area is defined by x1 <z < x5 and y1 <y < ya,

is represented by

2 gV v2 9FV 2 gV
T d Y d z
ar F + /y dy vt 0z

1 zZ1
where FV is fluid volume flux defined by

Y2 22

EY = / dy / dzhyu, (3.60)
Y1

v i) )

F, = / dac/ dzhyv, (3.61)

2 Y2
FY = / dx / dyhh,w. (3.62)

dz =0, (3.59)

T1
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Note that the limits of integration for z and y are all constant values.

The discretized representation of the z coordinate continuity equation is obtained from (3.59) as
(Fep — Fop) + (Fyy — FyL) + (FY, — Flp) =0, (3.63)

where the discretized form of fluid volume flux is obtained from (3.60)—(3.62) with applying u® and v* defined
n (3.19) and (3.20):

AyL

A:r
FzYL = (hv vEAzg + hXSWngAzgw) ) (3.65)
FY = h Lhapwi AzAyg, (3.66)

where w' is T-point vertical velocity used for tracer advection, and is obtained by solving (3.63).
The above consideration implicitly defines volume of a T-point-centered grid box. The volume AV of

the grid box containing 77, is given by
T2
AVE = / dx / dy / dzhahy = hiphy AxAypAzy,. (3.67)
Ty

Then, for instance, volume integral of a T-point variable S is (must be) calculated by

> sLAvf. (3.68)
L

The discretized representation of the o coordinate continuity equation (3.23) is almost identical to the
above. The only fundamental difference is the dn/dt term, and the way to include it is obvious. By
regarding —zpAoc as Az and (n — zp)w as w, expressions for the other terms becomes actually identical to

the z coordinate case.

3.3.3 Tracer Equations

Only the prognostic equation for salinity is described here, again. Discretization of the tracer equations are
formulated in a consistent way with that of the continuity equation. Otherwise, conservation of tracer is not
guaranteed. Volume integral of the z coordinate salinity equation over a grid box is achieved by a procedure

similar to the case of the continuity equation, and it results in

oS T2 9 3‘59 Y2 aFS z2 5 zS
aLAVL _/ e / ay dy + / o (3.69)
T y z

1 1 1

Note that the current definition of F° is different from that in (3.27), and that the sign is reversed compared
with usual definition of fluxes. The salinity flux F'° is decomposed into an advection part F'*® and a diffusion

part F5¢ and the advection part is expressed by

Y2 zZ2

FS¢ = — / dy / dzhyus, (3.70)
Y1 Z1

Sa

Fe = / dm/ dzhvS, (3.71)
] 21

FS¢ = _ / dx dyhmhywS. (3.72)
1 Y1
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Expression for the diffusion part depends on its formulation. When it takes the form of the simplest Laplacian
diffusion (1.33),

Y2 z2

F5d = / dy [ dzKg %g_s (3.73)
Y1 Z1

FP4 = / dr | dzKpy Z gs (3.74)

FS4 = / dm/ dythVaS (3.75)
Y1

The discretized advective flux is represented by the product of the volume flux and the value of tracer at
the point where the flux is defined (on the corresponding face of the considered grid box). Using (3.64)—(3.66),

E50

x

= —FySe, Fif=-F) S, FJ

Yy z

= —FSu, (3.76)

where the subscripts w, s and u denote the positions where the value of S is estimated: western, southern
and upper face, respectively, of the grid box containing S7,. These values of S at grid faces must, of course,
be represented by grid point values of S. The simplest and lowest-order way of representing these grid-face

values is the upstream differencing method, which means

FY, Y,

Fy S 7@4;\ ‘SW+7””L Farlg, (3.77)
FV + FV _ FV

FyVLSs — ?!LfHSS+ny‘yL‘SL’ (3.78)
Y FY

FlS, = 7'2“; il o Lo ) il g, (3.79)

In usual application of COCO, a higher-order representation is adopted, which will be described in chapter
4.

Let AAT AAT and AAT denote the effective area of the western, southern and upper, respectively, faces
of the grid box containing S;. The components of fluxes of T-point variables labeled by L are defined on
these faces. The term “effective” means that the area below the ocean floor is excluded, so they are defined
by

hyw + by sw
AAT = %Anymin(AzL,AzW), (3.80)
hV +hV
AAT = WAxxmin(AzL,Azs), (3.81)
AAT = hthz;LA:rAyL. (3.82)

The discretized diffusive flux for the case of the Laplacian diffusion is represented by the product of the
grid-face area and the tracer gradient estimated on the face. By adopting the simplest, still second-order

precision, way of representing the tracer gradient, the diffusive flux is expressed as

2 Sr — Sw
F54 = AATKy : (3.83)
hip+hly Az
2 S,—Ss
F7 = AATKy ; (3.84)
Y hZL + hT Ayl
F% = AATK, Su — SL. (3.85)

Azl
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Note that the diffusion coefficients are allowed to spatially vary. In this case, their values are defined at the
same points as the tracer flux.
The final expression for the spatially discretized tracer equation is
89S, (Fop — Fyp) + (Fy — Fyp) + (F5, — Fip)
ot AVFE '

(3.86)

As in the case of the continuity equation, the spatial discretization of the tracer equations in the o
coordinate (3.26) is identical to that in the z coordinate when —zpAo is regarded as Az and (n — zp)w as

w.

3.3.4 Internal Mode Equations

In the discretized representation of the tracer equations, the tracer quantities are advected by “tracer advec-
tion velocity,” whose components are represented by uf, v* and w! (w?). Since the tracer advection velocity
is defined such that it is perfectly consistent with the continuity equation, its application to the tracer
equations guarantees conservation of the tracer quantities under the advection process. The same concept
is introduced to the discretized representation of the momentum equations. Its basic idea is suggested by
Webb [1995].

Consider a grid box which contains the V-point labeled by L at its center. Its vertices are the eight
surrounding WT-points. “Momentum advection velocity,” whose components are represented by u®, v* and
w®, is defined on each face of the grid box, where momentum flux is also defined. To retain consistency with
the continuity equation, definition of the momentum advection velocity should be based on area weighted
average of fluid volume transport for T-point-centered boxes. In addition, its horizontal components are
multiplied by the grid thickness for the convenience of later use. Its exact representation in the z coordinate
region is

(uth‘//LAZL + uWh?‘;WAzW + uNh AZN + uNWh}//NWAzNW)AyN
ui +(ulhy Azy + ubyhyw Az + ush sAzY + ulyhyow Azt ) Ay (3.87)
k (WY, + By + By + BV g ) Ayn + (Y + By + Bl g + hY oy ) Ay, '

20 WY, Azy + 205RY, Azs
I +UEh¥EAZE + s physp A28 + viy hiw Az + Vg hysw Azgy (3.88)
g 2hY, + 20V + R + g + Ry + R ’ '

vl — (w] hthyL + wEthhz;E)AyL + (whehl, th + wNEthEhyNE)AyN (3.89)
L (R AT, + hTohT o) Ay + (WD hTy + Ty ghTy ) Ay

In the actual application, they are approximated by

(ut AzY +uby Azl + uNAzN + uNWAzNW)AyN
+(uh AzY +ub, Azl +ubAzZY 4+ uby Az ) Ay

@ — 3.90
ur, 8AyL ’ ( )
e 208 Az) + 205A2Y + vl Az + vk p ALy + ol Az, + ok Az, (3.91)

L = ; :

8
(wi, +wi)Ayr + (wy + Wy p)Ayn
. _ 92

assuming that difference of the metrics between adjacent grids is small.

Let us first consider only the flux convergence part of the momentum equation (1.1):

ou 1 0
il T a(huu)%—

0 0
a—y(hmvu) - g(wu) (3.93)
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Similarly to the case of the tracer equations, its volume integral yields

our, v 2 OFY /y2 or;) 2 QF"
— AV = L dx + Ydy + Z dz, 3.94
ot L e 0T T . 0z (3:94)
where
Y2 z2
EFy = —/ dy dzhyuu, (3.95)
Y1 zZ1
i) )
Py = —/ dx dzhzou, (3.96)
R
FY = —/ dac/ dyhghywu, (3.97)
Z1 Y1
AVY = b hy ArAypAzy (3.98)

Note that the limits of integration are for the boundaries of the grid box centered at the V-point labeled by
L. Grid point values of the flux F'* are represented by

Fp = —Aypug(hyw)w, (3.99)
yr = —Aavi(hau)s, (3.100)
Y = —hy by ArAypwiuy, (3.101)

where the subscripts w, s and u denote the position of the western, southern and upper, respectively, faces
of the considered grid box. These grid-face values are simply represented by the average of the two nearest

grid point values on the both sides of the face:

Vv Vv
hyLuL + hyW’LLW

(hyt)w = 5 : (3.102)
Vv Vv

(how)s = M (3.103)

w, = SLTUT (3.104)

2

When the grid spacing is invariable, these expressions give the second-order precision (centered-in-space
differencing scheme). Note that it is more relevant to couple the metrics with the momentum advection
velocity rather than with the “advected” velocity, as in the case of the tracer advection velocity. In that
case, the momentum advection velocity multiplied by the corresponding coordinate metric (i.e., (hyu)$,
(hev)¢ and (hghyw)}) should be defined by (3.87)—(3.89) with replacing metrics in the denominators by
unity. In the current expression, coding simplicity (and reduction of calculation) is preferred at the cost of
relevance (and exactness). The final discretized representation of (3.93) is

Yo —F' )+ (B — FY%Y )+ (FY, — FY
% _ ( B :cL) ( yN VyL) ( zL zD). (3105)
ot AV}

An identical procedure is applicable to spatially discretizing (1.2). The discretized representation of

ov 1 0 0 0
= (hyuv) + == (hgyvv)| — p

%= h |os 99 (wv) (3.106)

becomes F F )4 (F FY) 4 (F Fo )
v oY) v Fv ) 4 Zv _ ;;
v, _ \(Fap = Far, yN VyL L D) (3.107)
ot AV
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where
v = —Aypug(hyv)w, (3.108)
F)p = —Axvi(hev)s, (3.109)
Y= —hyphy ArAypwi vy, (3.110)
and
RY, vp 4+ hY v
(hyv)y = —LT 5 z, (3.111)
hV hV
S k. ' (3.113)

2
Other terms of (1.1) and (1.2) are restored now. The metric and Coriolis terms are estimated simply by
using ur, and vy,. Pressure is a T-point variable, and it is determined from sea level pressure P,, sea level 7,
and density p, all of which are T-point variables. Horizontal gradient of a T-point variable ¥ at the V-point

labeled by L is estimated by using the four surrounding grid point values of ¢ as

1 oy _ YNE+YE—YN — YL
(E%)L = e : (3.114)
1 8¢) YNE + YN —YE — YL
— 7 = . 3.115
(hy Ty 2h3‘!/LAy/L ( )

Vertical integration of horizontal density gradient needs to be calculated. For the o coordinate region,

)

_ | +ne)Ayr + (v + 1vE)Ayn dp 1(dp
= { VY, | x|y on ) Aot (5] Aow|(3.116)
L L I=U,UU,... l L

where the sum for the index [ is taken from the top to the considered level. For the z coordinate region,
%2 9 0 1/0
P P |4 P v
—dz = — | Az — =] Az, 3.117
( ., Oz ) Z <8x> ! +2 <8x> L ( )
L i =yuu,.. l L
where the sum for the index [ is taken from the top of the z coordinate region to the considered level. The
corresponding y derivative terms are represented by simply replacing = by y.
In the Laplacian viscosity terms (1.34), (1.35), it is convenient to divide vertical components (i.e., whose

subscripts include z) of the tensors into two parts for the sake of discretization:

Toz = Toy + Taor  Tyz = Ty + Ty (3.118)
where
ou 8AV u
’ Ju no_ _ . u
Tez —Avaz, Trs D2 u Ava, (3119)
ov 8AV (Y
’ v no_ _ . v
Tyz = AV 82’7 Tyz 2 v Ava. (3120)
The last two terms of (1.34) and (1.35) are modified accordingly as
1 10 Tow — T 10 orl, T
Vo = hzhy [h_y% (hi%) + Ea—y(hiﬁ;y)] + W + 7, (3.121)
_ 1 1 6 2 1 8 2 Tyy - Tmm aTg;z TZIJ/Z
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These viscosity terms are, of course, defined at V-points.

One of the most convenient ways of discretizing horizontal components of the stress tensor is to define
them at T-points. Accordingly, it is natural to define horizontal components of strain rate tensor (see section
1.2.2 for its definition) also at T-points, where velocity at T-points is estimated simply by the average of
the four surrounding V-point values, and the horizontal gradient is estimated by the simplest form using the
same four-point values. The horizontal divergence term is calculated by the four surrounding T-point values
of the horizontal stress tensor components. Although this method is simple and symmetric, it is prone to
generate checker-board noise, especially for the case of spatially constant horizontal viscosity. Consider an
idealized situation where h, = h, = const and Ax = Ay = const. For brevity of expression, the metrics
are set to unity, and the grid width is set to 1/4, though the choice for these constants does not affect the

discussion below. In this case,

Epzl = UL+ US—UW — USW, (3.123)
ExzE = UE T USE —UL —Ug, (3.124)
EgzN = UNTUL—UNW — Uw, (3.125)
€xzNE = UNE+tUE —UN —UL, (3.126)
EyyL = UL +Us—Uw —Usw, (3.127)
EyyE = VE+USE —UVL — Vs, (3.128)
EyyN = OUN +UL —UNW — VW, (3.129)
EyNE = UNE+VUE —UN —VL, (3.130)
280y, = upt+uw —us —usw + oL +vs —vw — Usw, (3.131)
2e0yp = Up UL —USE —US +VE +Usp — UL — Us, (3.132)
260y = UN +UNW — UL —Uw +UN + VL — UNW — VW, (3.133)
2¢4yNE = UNE+UN —UE — UL +VUNE +UE —UN — VL. (3.134)

When the horizontal viscosity coefficient Ay is also constant, the horizontal divergence term of V), ;, becomes
Ag(ung +usg +unw + usw — 4ur). (3.135)

Thus, there is no direct coupling between uy and its four nearest grid point values. For the case of the
Laplacian horizontal viscosity with a prescribed (i.e., does not depend on velocity) coefficient, therefore, the

horizontal components of the strain rate tensor are defined by

(Em - €yy)uL = v 2 v oW + h;/yL hl h;/yW oLt ow
B 2 UN +UNW — Us —Usw hyar, + Pyew u + uw (3.136)
hyp +hyw  2(Ayr + Ayy) 2 2 |
2egy)ur = 2 uL—US_hz‘;/wL_FhZTSUL_FUS
zy)u hg‘J/L _’_hgs AyL 2 2
N 2 VE +USE —VUw — Usw h;/yL + h;/ys ur +us (3.137)
DR STV 2 |
2 VL, — Vg h]‘J/ZEL+hZ‘J/fES ur +us

Eyy — Exa)v =
By = Eaa)ur hY, +hvs Ayr 2 2
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- 9 Up +Usp — uw —Usw hL/yL“'h;/yS UL + s (3.138)
hY, +hYs 4Azx 2 2 .
2eny)or = v 2 - vp —ow  Pypr + hyaw v+ ow (3.139)
. 9 UN + UNW — Us — Usw h}c/yL +h}v/yW “L"_UW, (3.140)
h;;/L + hl‘J/W 2(Ayr + Ayn) 2 2

where (€34 — €yy)ur and (€zy)yr are defined at the same points as F¥; and Fy; and used in V,r, while
(eyy — €xa)vr, and (ezy)vr are defined at the same points as F}p, and Fj; and used in V,r. Horizotnal
components of the stress tensor are defined at the same points as the corresponding components of the

strain rate tensor. Then, the horizontal part of the viscosity terms are represented by

1 1 0 (,5Twe — Tyy 10 ,,,
{hmh_y [hyax (hy 2 >+hzay(hw”y) :

2 2
1 1 hye +hyr " (Tea — Tyy)u _ by + hyw | (Tew = Ty Jut
hXLhZL hZLAJU 2 2 2 2
1 Wy +hY 0\ hY, +hY\?
z x Ny — | 2L — xS 0 ) , 141
TR Ay K 2 ) (e ( 2 ) (Tev)us (3440
1 1 0 1 0 Tyy — T
L v h2 - - v h2 vy T
{hmhy [hy o tyTen) T hy Oy ( c2 H}L
2 2
1 1 WY+ bV, ) B+ hYyy )
Tey )vE — Txy )vL
W RV, | WY Az 2 v 2 !

2 2
+ 1 hZN + h;/L (Tyy — Tux)uN _ h;/L + hl/s (Tyy — Tua)vL (3.142)
hy L Ay, 2 2 2 2 A
where

(TIQJ - Tyy)u = 2AH(€(EQJ - Eyy)'m (3143)

(sz)u = 2Ag (Emy)u (3144)

(Tyy - TII)U = 24y (5yy Ea:a:)ua (3145)

(Twy)v = 214H (Ea:y)'u (3146)

For the vertical components of the stress tensor, it is convenient to define 7, 7, at WV-points, and 7,

and 7,/, at V-points. Their definition is straightforward:

uy —uj,

Tosl = (AV)LTZ,L, (3.147)
T = (AL (3.148)
T = ——(AV)LA_ZL(AV)DuL _ vt (dv)p ; (4v)p %L (3.149)
T = ——(AV)LA_ZL(AV)DUL _ @)t (Av)p J; (Av)p %L (3.150)

The vertical part of the viscosity temrs are

"

(a;alxz + i) — T(;ZL — 7—alxzD + 7_mzL7 (3151)
? L

a Az a
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or, T/, T L =T, T/,
( i +L> = Tt Tud T (3.152)
z a ), zr a

The advection terms of the o coordinate momentum equations (1.18) and (1.19) are represented by the

advection form. In their calculation, however, a pseudo-flux form? is used:

w ou v Ou ou 1 0 0 0 .
h_g;% + h_ya_y + wa—a = hwhy [%(hyuu) + a—y(hzvu)] + a—g(wu) —udivw, (3153)
u dv v v v 1 0 0 0 )
e + oy By + Wor = Ty {%(hyuv) + a—y(hrvv)} + a—a(wv) —vdivw, (3.154)
where div v is defined by
. 0 0 Ow

Excluding the term of divw, the right hand sides of (3.153) and (3.154) take the same form as the flux
convergence terms of (3.93) and (3.106), respectively. So, they are discretized in the same way as the
previous, by just replacing Az by Ao and w by w. Since Ao does not horizontally vary, expressions for
the horizontal components of the momentum advection velocity (3.90) and (3.91) are much simplified. The

discretized representation of divwv is given by

1 (hZE + hZL)uaE + (hZL + hz‘;/W)“aL n (hyy + hY vk + (WY + h)s)uf " wi —wp
h;/Lh?‘!/L 2Azx 2Ay; Aoy

(3.156)

The other terms of the o coordinate momentum equations are discretized in the same manner as in the z
coordinate case.

Grid point values of horizontal velocity components are defined by

n Vi om
’UL = —I‘J/ + ’U/L 5 (3158)

where (1.92) and (1.93) are used with setting 7 to zero.

3.3.5 External Mode Equations

Spatial discretization of the sea level equation (1.27) is achieved based on the same consideration as for the

continuity equation. Its horizontal area integral over the grid box containing 7, is represented as

onr

WAa;AththgL = —(Flg — FL)— (F)x — F}p), (3.159)

where

hZWUW + hg‘;/SWUSW

: 2
14 \4
Fl, = s Vv +2thWVSW Az (3.161)

are equivalent to vertical integral of the fluid volume flux (3.64) and (3.65).

3The true flux form includes contribution of (7 — 25)
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The discretized representation for (1.80) and (1.81) is

ou HY 0 0P,

8—tL —fiVe = _pOhLV |:g (%) + (a—;> ] +X}J + Wu)L, (3.162)
xL L L

oV, HY 0 P,

Frnv = (o) < (T2) ]+ oo 165
yL L L

where fr, is the value of the Coriolis parameter at the V-point labeled by L. Explicit representation for the
horizontal gradient terms is given by (3.114) and (3.115). The terms X; and Y]/ are obtained by vertically
summing up the terms appearing in the internal mode equations. The viscosity term is represented by the
same manner as for the internal mode equations.

The system of the discretized equations (3.159), (3.162) and (3.163) does not contain a mechanism
eliminating checker-board noise in sea level. For the sake of numerical stability, therefore, the Laplacian
horizontal diffusion term is added to the sea level equation. So, the equation actually solved is

o [ ,m+ L L [0 (4 hyOn), O (1 haln
ot hghy, 5y wl) + ay(hmv)} - L?w (Kn h M) + 3y (Kn hay )] (3.164)

where K, is the coeflicient for sea level diffusion. The diffusion term is temporally discretized by the forward-

in-time method, and the method of its spatial discretization is the same as that of the tracer diffusion term.
Let F? denote diffusive flux of sea level. The equation (3.159) now becomes

onr
i Dvdyrhiphyp = —(Fly = Fiy) = (Fly = Fjp) + (Flp = Fl) + (F) = FJ), (3.165)

where

nd h;‘,/W + hg‘;/SW nL — Nw
B = e A (3.166)
hys + hysw L = 1s A
n hT + hT Ay’ Z.
yL yS S

Fif = (3.167)
Changes of sea level must accompany redistribution of the tracer quantities in the o coordinate region.

Correction for the tracer S is represented by

a C (9 C c
a0 = 2p)Selha by AvAyr, = (F7g — FIE) + (F§ — FJE), (3.168)

where the correction flux F/9¢ is assumed to transport the tracer in the down-gradient direction of sea level:

d d d d
El+|F) ElL —|F

Fyf = 3 Sp+ 5 Sw, (3.169)
Uy oK EM | F
FS¢ vt 2‘ ilg, 4 fut 2‘ il g (3.170)

3.4 Treatment of Boundary

3.4.1 Cyclic Boundary Condition

The model domain is assumed to cyclically connected in the x direction. It is realized in the model by putting
extra grids to the east (west) of the eastern (western) end of the domain. In the standard configuration of
COCQO, there are two extra columns of grids both to the west and east. The number of extra grids can easily

be changed in the model. The values of variables at these extra grid points are copied from the corresponding
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Y'WZ'|A|B Y|Z|A'B'

t

western end  eastern end—T

Figure 3.6: Grid configuration for the cyclic boundary in the = direction. The values at the grids labeled by
the primed symbols are copied from the grids of the respective non-primed symbols.

grids so that the cyclic condition is realized (see Figure 3.6). When it is intended not to apply the cyclic
boundary condition, there should at least one coastline connecting the northern and southern ends of the
domain.

Although there is no need to cyclically connect the domain in the y direction, there also are extra grids
to the north (south) of the northern (southern) end of the model domain. When the model is parallelized,

information from other processors is passed on to these extra grids.

3.4.2 Masking Array and Boundary Condition

In order to exclude land grid points from calculation, masking arrays are defined in the model. Let M7 and
MV denote masking arrays for T-points and V-points, respectively. The grid point value of M7 takes zero
when the T-point-centered grid box labeled by L is land, and is unity otherwise:

r | 0 for land grids
My _{ 1 for ocean grids - (3.171)

For the grids partially occupied by land, its value is also unity. M) is zero where the corresponding V-point

is land or on coast, and is unity elsewhere. Its values are defined by
M} = M} - ML - ML - M. (3.172)

Masking arrays for fluxes are also defined to adequately realize zero-flux boundary conditions. Let M7,
M[T and MFT denote masking arrays for the fluxes of T-point variables in the z, y and z directions,

respectively. Their grid point values are defined by

MET = M- ME, (3.173)
My = M- ME, (3.174)
MET = wMmEP - MmE. (3.175)

For the fluxes of V-point variables, masking arrays are defined by

My = ML ME, (3.176)
MY = M- Mg, (3.177)

MfLV = [1 - (1 - Mg)(l - Mg)(l - M%)(l - MIEE)] : Mg : MEE : MEN ’ Mlj;NE‘ (3-178)
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The boundary conditions for temperature and salinity on solid boundaries (1.56) and (1.57) are satisfied
by setting their flux in the direction normal to the boundaries to zero. Tracer fluxes are calculated for all the
grids regardless of land or sea, including the extra grids for the cyclic boundary. Then, they are multiplied
by the above-defined flux masking arrays for T-point variables. Note that the actual definition of M 7T and
M; T in the model is slightly different from the above. They are further multiplied by the grid thickness for

the convenience of actual use:

M = M[ - My x min(Azz, Azw), (3.179)
M} = Mp Mg x min(Azp, Azg). (3.180)
Note that the grid thickness for the o coordinate region is defined by Az, = —zpAoy. These masking arrays

are used only for the calculation of diffusive tracer fluxes. Advective tracer fluxes need not to be multiplied
by the masking arrays, as velocity is always set to zero on land points.

The no-slip boundary conditions (1.44) and (1.45) are realized by simply multiplying v and v by MV
Then, advective momentum fluxes on boundaries become zero without taking a special care, as in the case of
advective tracer fluxes. The masking arrays for V-point variable fluxes are used only in viscosity calculation.
As in the case of the masking arrays for T-point variable fluxes, the actual definition of MV and M; Vin

the model is multiplied by the grid thickness:

MEY = ML ML x min(Az), Azy), (3.181)
MY = M[ - Mp xmin(Azy, AzY). (3.182)

Vertical velocity at WT-points on the ocean floor is always regarded as zero. See the comment on (3.58).
At the sea surface, w is identically zero by definition. Note that it is not explicitly used anywhere. Vertical
velocity at WV-points is naturally derived by (3.92). It takes nonzero values at the corner of topographical
steps (see Figure 3.2: the symbol W is placed only where vertical velocity could take nonzero values), and

the vertical momentum flux is explicitly calculated for those grids.



Chapter 4

Numerical Algorithm and Physical
Parameterization in Standard Use

4.1 Tracer Advection

A third-order, upstream weighted algorithm is the standard choice for tracer advection in COCO. Two-
dimensional horizontal advection and one-dimensional vertical advection are separately treated. The algo-
rithm for vertical advection is the Quadratic Upstream Interpolation for Convective Kinematics with Esti-
mated Streaming Terms (QUICKEST) of Leonard [1979]. Its multidimensional extension, which is called
the Uniformly Third-Order Polynomial Interpolation Algorithm (UTOPIA) [Leonard et al., 1993, 1994], is
used for horizontal advection.

UTOPIA can be formulated in three-dimension, but fully three-dimensional UTOPIA is far more costly
than the combination of vertical QUICKEST and horizontal UTOPIA. In addition, coding of three-
dimensional UTOPTA becomes far more complicated than that of two-dimensional UTOPIA. There is a way,
called COSMIC [Leonard et al., 1996], to realize an algorithm equivalent to three-dimensional UTOPIA by
repeatedly applying QUICKEST. Although its coding is very simple, its computational cost is no less than
three-dimensional UTOPIA. The separation of vertical and horizontal advection means that the effect of
slantwise tracer transport is neglected. As long as horizontal-vertical grid aspect ratio (and also the ratio
of horizontal advection speed to vertical advection speed) is much larger than unity, that effect is actually

negligible.

4.1.1 QUICKEST

Let us consider finite difference discretization of a flux-form, one-dimensional advection equation for tracer
P
oy 0

When the equation is temporally differenced by use of the forward-in-time scheme, flux-form spatial differ-

encing yields

1
P R - R

4.2
At AZL ( )

See Figures 3.2, 3.3 and 3.5 for the arrangement of grid point values.

43
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Integration of ™ over one spatial grid yields

ZL+AZL/2
/ Y"dz

L—Azp/2

z+AzL/2 z—zp)? z2—z
/ {1/12 + (Z - ZL)w?L + ngzL + ( L) wzzzL +- dz
L—AZL/2

n AZISJ n 5
= AZLwL + szzL + O(AZ )a (43)

where the subscript z indicates spatial differentiation. Thus, integration of 9/t over one time level and

one spatial grid becomes

gntt ZL+AZL/2 ZL+AZL/2 |
/ dt/ at - / A= =)
21, —Azr /2 2 —Az/2
= e[t e+ S v 0]

It holds that

ot vt = ar (%) o
L

02 "
= —At { 5. [ (ww)} } + O(At?)
L
At 9
= AZ (wL,l/}zzu wazzd) + O(At ) + O(wAt), (45)
where the subscripts u and d denote the positions of upper and lower grid boundaries, respectively, i.e., 1,
(10224) is defined at the same point as wy, (wp). It is assumed that the order of accuracy for the estimation of
1, is O(Az), which yields error of the order of O(wAt) in the calculation above. Therefore, the integration
of /0t is represented by

gt ZL+AZL/2
dt/
/ zp—AzL /2 at

AtA
= A (05 = 0p) + S it — wpu
+O(wAtAZ?) + O(AAZ®) + O(AZP). (4.6)

Here, O(wAtAz?%) ~ O(Az3) as the Courant number wAt/Az is chosen to be less than unity. On the other
hand, integration of d(w)/0z over one time level and one spatial grid is represented by

tn+1

/tn+1 y /ZZL+AZL/2 dz—(Uﬂ/’) _ /tn dt(wry — wpta)

L AZL/Q

At (wid," —wpihs") + 0(8s%), (4.7)

where the time average uzt,  is estimated such that this representation guarantees the third-order accuracy,

whose method is described later. Therefore, integration of (4.1) over one time level and one spatial grid

results in
o= yr - Ar |:<wqu — wpq )
AZL n_.m 3
- W(wszzu wazzd) +O(AZ )7 (48)
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on condition that ., is estimated with an appropriate accuracy. It means that the finite differenced
advection equation (4.2) has the third-order accuracy when the flux is estimated by

- Az?
When w is constant or its variation is negligible within the accuracy now under consideration, it is represented
by

A2 _

Fp = —up (92 - kvt ) = —uidl, (1.10)

This case is considered below.

The value of Y™ around z = z, (the position where 1, is defined) is here approximated by a quadratic

expression:
Y™ = co +c1(z — zu) + e2(z — 24)2 (4.11)
The coefficients cq, ¢1, and co are determined from the relationships
A Azp\®
Yh = co—c (AZL + ;D> + ¢ (AZL + QZD> , (4.12)
Az AzZ?
A CO_ClTL + e, (4.13)
Az Az?
W= ata—gs e, (4.14)
Az Az 2
1/;;}[] = co+c (AZU + 2UU> + c2 (AZU + 2UU> . (4.15)

The order of accuracy for these estimates is O(Az3). Only three of them are used to determine the coefficients,
and the choice depends on the sign of w}. That is, the expressions for the adjacent points, ¥} and ¢{;, and

either of ¥} or ¥, in the upstream is used. Therefore, when w7 is positive,

AZUwf + AZLIM} B AZLAZUC

o= N PR
Y —Yr  Azp —Azy
1 = Az, + 5 C2,
1 Yh—V¥r YL —Yp
= — . 4.16
“ A, + Azl ( Az, A, (4.16)
When w? is negative,
. _ AZU’IZJZ + AZL’(/);} B AZLAZUC
0 20z} 4
o _ ’(/)[7} — ’l/}f AZL — AZU e
Az 2 ’
1 o A 104
= — . 4.1
“ Az + Az ( Azl Az, (417)

The instantaneous value of 1] coincides with ¢y derived above. Since the quantity ¢ is advected, time
average of ¢! over the time interval At is estimated by the spatial average of ¢™ over the region [z, —w} At, 2]

for positive w} and the region [z, 2, — w7} At] for negative w?. Regardless of the sign of w?, it becomes

_ 1 Zu
Yy = — / Y"dz
wLAt Zu 771)2 At

wP At wl At)?
— e L2 +C2( L3 )"

(4.18)
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This estimate retains the accuracy of O(Az?), as the estimate of 9™ has that accuracy over the region of
integration. Since 97, equals to 2ce and its accuracy is O(Az), the expression

~ wl At wP A2 Az?
Yy =co—c1 L2 + ¢ (% - 1—2L) (4.19)

has the accuracy of O(Az3). Note that when the temporal variation of 1) within the integration time interval
is neglected, i.e., when 1/;;‘ is estimated by c¢g, the scheme is called QUICK. QUICK does not guarantee the
third-order accuracy for the finite differenced expression of (4.1). See Leonard [1979] for its detail.

4.1.2 Flux Limiter for One-Dimensional Advection

The quadratic interpolation (4.11) could estimate a false minimum or maximum, i.e., the estimated v,, could
become smaller (larger) than both of 11, and 1. Such an overshooting estimate violates the monotonicity
preserving nature! of advection. The simplest way of avoiding such a false minimum or maximum is bounding
Yy by

min(¢r, Yu) < ¥, < max(Yr, vy). (4.20)

However, this simplest way could also fail from another respect, as the estimated 1, could become the
downstream value. The downstream advection scheme with the forward-in-time method inevitably leads to
numerical instability.

The method of limiting the estimate of 1), adopted here is one devised by Leonard [1991]. Here we first
describe the case of wy > 0. Let § and ~ be defined by

_ (Yu—vL | YL —YD
5 = ( AT + Az Az, (4.21)
_ Yu—vr YL —vYp
v = AT A (4.22)
The limiting criterion is described as follows:
Yo =t when |yAzg| > |d]. (4.23)
Otherwise,
Y1 < b, < min (1/}13 + MAZ/L,lﬁU) when ¢ > 0, (4.24)
wr, At
max (1/113 + MAZi,’L{J{]) <y <t when §<0. (4.25)
wr At
For the case of wy, < 0, § and « are defined by
0 = YL —4uu, (4.26)
YL —Yu  Yu —Yuu
= — 4.2
K Az, Az, (4.27)
and the limiting criterion is described as follows:
Yy =1y when |yAzy| > 4] (4.28)
Otherwise,
- . Yu —Yuu ,
Yy <, <min ( Yyy + —————Az7,%r | when 4§ >0, (4.29)
\wL\At
Yu —Yuu 5
max (Yyy + ———TY A py ) <y <ty when &< 0. (4.30)
\wL\At

1 Advection of monotonically varying quantity by uniform velocity would not generate any minima or maxima.
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Figure 4.1: The arrangement of the labels denoting grid points.

4.1.3 Two-Dimensional UTOPIA

Now, a flux-form two-dimensional advection equation

o 1 9 P B
i g ) + g heon)] =0 (a1

is considered. It is assumed that the two-dimensional continuity equation

1 { ai(h u) + ;; (th)} =0 (4.32)

is satisfied. The required grid stencil is wider than previously defined, so its labeling is illustrated in Figure
4.1. Let us define x, ¢ and 6 by

X =hyu, ¢ =hzv, 0=hzhy. (4.33)
The equations (4.31) and (4.32) are expressed as
o 1 0 0
ot a—x(XW + a—y(¢¢) ) (4.34)
y
ox 09 _
52 T3y = (4.35)

It is then assumed that y and ¢ is spatially uniform.
With a procedure similar to the one-dimensional case, integration of the right hand side of (4.34) over

one time level and one spatial grid yields

gt zL+Aw/2 yr+Ayr /2 1 o 0
dt/ / dyhaliy X 37 | 5 00) + 5(00)
tn x

L—Az/2 yL—Ayr/2 Oz

At [(xevr — xutu) Ay + (@ — ¢?¢?)Aw] : (4.36)

Integration of the left hand side is

gt wLJrAa:/Q yL+Ayr/2
dt/ / dyhoh, 28
tm T

A _ Yot
L—Ax/2 yL—Ayr/2
zr+Az/2 yL+Ayr/2
= / dm/ dy(6™ T —om)
zp—Ax/2 yrL—Ayr/2
Ax A
= el [0 - 0p) + S0 -0 + S - 0] (4.37)



48 CCSR OCEAN COMPONENT MODEL (COCO)

Note that the symbols denoting the accuracy, such as O(Ax), are omitted, as the discussion for the accuracy

goes parallel with the one-dimensional case. As in the one-dimensional case,

9n+1 _ 0 _ —At Xe wwe Xw zmw QSZ ;:La:n - ¢Z :Tvlms
xzx L xzx L |: Ax AyL
gntl _ gn - At XeYyye = Xo¥yyw ¢nwyyn Pn¥yys
yyL yyL Ax AZ/L :
Finite differenced representation of (4.31) now becomes
SN (i (L N L

L h.h Az Ayr, ’
where

n n Az? n AyL

ww - ww - ﬂ TTWwW ’l/} yyw?

n 7.8 A$2 n AyL
¢s = 1/15 - W xS wyys

Let us represent the quadratic approximation for )™ around (:cw, Yw) and (zs,ys) by

Y = oo+ c10(x — xy) + coo(T — Ty)?
+co1(y = Yw) + co2(y — yu)® + e11(z = 20) (Y — yu),
" = doo + dor(y — ys) + doa(y — )
+ dio(z — 25) + dao(x — 24)* + din (2 — ) (Y — ys),

respectively. The first expression yields

wn + + A:r
= ¢ 10— + Ccog——
L 00 + 1075 207
o Az . Ax?
W 00 — €107 207
oo n 3Azx . 9Ax?
= ¢ c c
E 00 + Cr10—— + 20—
" 3Ax 9Az?
Yiww = Coo — Clo—=— + C20 )
2 4
Az Ay,
Yy = YF +cnlyy + Cosz/L2 +c11 5 yLa
Az Ay
Ve = Y — conAys + co2aAyE — en 5 ys,
Az Ay,
Yhw = U+ con AyL + coaAyF — CuTyL,
Az Ay,
Vow = Uiy — conAys + coaAyE + enr 5 Ys

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
(4.46)
(4.47)
(4.48)
(4.49)
(4.50)
(4.51)

(4.52)

around (., Yw). There are six coefficients to be determined, so six of the above expressions are necessary.

The choice depends on the sign of uj, and v}.: 97, Y5, either of ¥} or ¥y in the upstream, and three of

Y, Ve, Yw, and ¥y, excluding one in the downstream. The choice is summarized as

Uy, > 0,05 >0 = U7, 0%, Yipw, Vs, Unw, Ysws

Uy < 0,05 >0 = OF, Uy, Vi, R, 05, Ygws

Uy > 0,0 <0 = UL, Yy, Yiww, VN, Yiw, Ysws

Uy, < 0,0, <O = Y7, by, ¥, VR, Vg, Yrw- (4.53)
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The resulting representation for the coefficients are:

Uy > 0,0 >0 Uy < 0,0 >0 Uy > 0,0 <0 Uy < 0,1 <0
. YL — 29w + Yww Ve — 2L +Yw YL — 29w + Yww YE — 20 +Yw
20 2Az2 2Az2 2Az2 2Az2
o1 Co1—A Co1-B Co1-B Co1—A
Co2 Co1—A Co1-B Co1—A Co1-B
. Ysw —vw —vYs +vr  Ysw —Yw —Ys+vr YN — YL —YUnw +Vw YN — YL — Ynw +Yw
1 AzAyy AzAys AzAy) AzAy)
o Yrtdw Ag?
00 = 5 20—
o YL — Yw
10 B Ve—
 (Unw —Yw)Ays — (Ys —Yr)Ayy Ayp — Ays
Co1—-A = 7 7 — Co2
20y Ayl 2
(¥~ —Yr)Ays — (Ysw — Yw)AyL Ayr — Ays
Co1-B = — — Co2
2Ay7 Ay 2

(YOnw — Yw)Ays + (Ysw — vw) Ay

o Ay, Ays(Ay), + Ayy)
_ (Un =) Ay + (Vs — ) Ayp
C02-B = Ay, Ay's(By, + Ayls) (4.54)
where the superscript n is omitted. Similar consideration results in
us > 0,05 >0 us > 0,vs <0 us < 0,05 >0 us < 0,05 <0
do2 do2—a do2—p do2—a do2—p
doo YsE — 2%s + Ysw YE — 2% +Yw Ysg — 2%s + Ysw YE = 2% +Yw
Ax? Az? 2Ax2 2Ax2
dus Vsw —¢25 —Yw + Y, Q/JSW—iﬁzs—i/Jw-H/fL YE — YL — Vs +vs YE — YL —Yse +Ys
Az(Ayr + Ays)/2 Az(Ayr + Ays)/2 Az(Ayr + Ayg) /2 Az(AyL + Ays)/2
do = YrBes +¥sBor . AyLlys
00 Ay, + Ays 27y
g - 2—vs) L Ayr— Ays
o Ayr, + Ays 02 2
dos g = (YL —¥s)(Ays + Ayss) — (¥s — Pss)(Ayr + Ays)
- (Ayr + Ays)(Ays + Ayss)(Ayr + 2Ays + Ayss)
dogp = 40N ZYD)(Bur + Ays) — (e — vs)(Ayy + Ayr)
- (Ayn + Ayr)(Ayr + Ays)(Ayn + 2Ayr + Ays)
— A — A
dig = M + dog Az — di1 L or bl 7 + dog Az — di1 L (455)
Az 2 Az

Two expressions are given for dy(, and the choice should be made in accordance with the sign of the advection
velocity. For instance, iy is not to be used when us > 0 and vy < 0, so the second expression is valid in
that case. When it is the case that the both expressions are available, they result in the same expression.

The estimation of 1" and %" is realized by spatially averaging ¥ and 1", respectively, as in the one-
dimensional case. For ¢7, the region for the average is determined by the area expanded by the vector
(uwAt, v,y At) and the western boundary of the grid box L. It is illustrated in Figure 4.2. By introducing
the variables,

QUw 2vw
= 77T LT 7771) = 77T LT
hI, +hly, hip + hjw

w (4.56)
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w L

vWAt¢
u,, At

Figure 4.2: The area for average in estimating ¢)” when u,, > 0 and v,, > 0.

AT 20,
PR Ns = 77 77 >
R, + hT, Rl + Rl

the average is calculated as

B 1 Tu YuwtAyL/2—n" At Tu Yuwt+AyL/2 1
wﬁ’ - gnAtAyL / gn At d:z:/ —Ayr/2—nn At dyw" - /zwgg}JAt e /ywAyL/Q d?ﬂW] % 5
= coo — —5 Atcig + = ({"At) c20
_ %UlnAtCOl + <A1y2L + ;( :LUAt)2> co2 + f"Atn Ateyy, (4.58)
B 1 Ye T AN/2—E AL ys 2+ AT /2 1
Vo= Afﬂﬂ"At /_y nsAt dy/ —AN/2—E AL da” +/ysnsAt dy /avsAw/Q dan] . 2
= dy — 2775 " Atdoy + = ( "At)?dgy
g”Atdm n (Alz %(gmt) >d20 + Er A Atdy. (4.59)

Since Py, = 2020, Yy = 202, Yypq = 2d20, and Yy, ; = 2doz, the final expressions are

- 1 1 Az?
Y, = Coo— Engtclo + (‘(ngt)Q - T) 20
1 1
- —nwAtcm + = (m,,At) co2 + gwAtngAtcn, (4.60)
~ 1 A 2
Yy = doo — =ny Atdpr + ( (n: At) 12 ) do2
5 Atdyo + = (§”At) doo + §"Atn2Atdu (4.61)

Advection velocity u,, and vs are estimated from the fluid volume flux (3.64) and (3.65) as

hi + hi;

uw%AyLMFT = FY, (4.62)
hT, 4+ AT

U%A MyT = F), (4.63)

where M represents the masking arrays defined in section 3.4.2, and u, and v,, are estimated in a consistent
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way as
T, + hl 1

us M = S (hysulb Ay + hyswulw Azt ), (4.64)
T 4+ hT 1

uw%z\dg = (ol Azl + W swobw Azty). (4.65)

4.1.4 Flux Limiter for Two-Dimensional Advection

As in the case of the one-dimensional advection, flux limiter is required to guarantee monotonicity preser-
vation. One possible solution is to apply a one-dimensional limiter, such as introduced previously, to each
direction. This approach certainly preserve monotonicity, but shape of tracer distribution is sometimes
severely distorted?. The one introduced here is a two-dimensional limiter of Leonard et al. [1993].
Let us first consider the limiter for the x direction flux. For the sake of brevity of expressions, the
following notations are introduced. The Courant numbers c, and c, are defined by
EwAt Nw At
Cow = "xp 0 T Ayr’

(4.66)

where the subscript w indicates that these quantities are defined at the western face of the T-point-centered
grid box labeled by L. With regard to this western face, three of the four grid point values Yww, Yw, ¥
and g are used to represent the x direction flux. Let us represent the upstream, center and downstream

values of the three used grid point values by vy, Yen and gy, respectively:

wu;ﬂ = /(/)WWv wcn = 'l/}W7 /(/)dn = 'l/}L when Cow > 07 (467)

Yup = VB, Yen =YL, Yan =Yw when cgy <O0. (4.68)

Likewise, the grid point values of the northern and southern sides of ., are described by ¥, and s,
respectively:

wnn = /(/)N‘/Va /(/)ss = /(/)SW when Cpw > 0, (469)

Unn = YN, Yss =ts when cgu <0. (4.70)

Finally, ¥qig and ¥cuy are defined by

wdiﬂ“ = 'l/}dn - /(/)upa (471)
wcurv - wdn - 2¢Pn + wu]r (472)
By defining
7 7 1 w w (A w

the limiting criterion is given as follows:

Vi = Yen when  [Yeury| > [Yain]- (4.74)
Otherwise, @;U is bounded by tmax and ¥y, which are defined by

. 1+ |cawCyw
"/)max = min ('l/}dnv 'l/}up + (7/1071 - 7[%17)%) 5 'l/}min = "/)cn when "/)diff > 0, (475)
Tw yw

/(/)max - wcna /(/)min = max (wdnv wdn + (wcn - wdn)|cyw|) when wdiff < 0. (476)

2 Advection by spatially uniform velocity fields does not change the shape of distribution of the advected tracer. This
property is called shape preservation.
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Then, 1/~1w is finally determined as

1 ey o+ lepl

2 2 2

Consideration for the y direction limiter is basically the same as the above. The Courant numbers are
defined by

&AL Ns At
TS — A > s — 5 4.78
Ca Az Ayy, ( )
and Yy, Yen and g, are represented by

'l/}up = 1/fssa wcn = 'l/}Sv 'l/}dn = /(/)L when Cys > Oa (479)
wup = ¢N7 wcn = va wdn = wS when Cys < 0. (480)

The grid point values of the eastern and western sides of ¢y, Yee and 1., are represented by
wee - wSE7 www - wSW when Cys > 07 (481)
Vee = wa Vpw = wW when Cys < 0. (482)

The definition for q;s is the same as the previous, but that for ¥cy,y is slightly modified due to the variable

grid spacing in the y direction:

Yait = Ydn — Yup, (4.83)
o (g s
where
Ay, = AYss, Ayen = Ays  when ¢y >0, (4.85)
AYy, = Ay, Ayen =Ayr,  when ¢y <0. (4.86)
By defining
Wy = s + % %‘Cf'wn — Yuww) + %‘Cﬂ(w —en)| (4.87)

the limiting criterion is given as follows:

,IZ}/Q = /‘/)cn when churv‘ > Wjdiﬂ“‘~ (488)
Otherwise, 1% is bounded by tmax and Ynyi, which are defined by

. 1+ |czscys
wmax = min (wdny wup + (¢rn - wup)%> 3 wmin - wcn when wdiﬁ > 0; (489)
TS ys

wmax - wcna wmin = max (wdna wdn + (wpn - wdn)|cms|) when wdiﬁ < 0. (490)

Then, 1[15 is finally determined as

b=y = g | = )+ )] (191

1
2
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Figure 4.3: (a) Fluid volume budget of T-point centered boxes for horizontal inflow over a sloping bottom.
The shaded boxes indicate land grids. (b) Corresponding fluid volume budget for V-point centered boxes.
The dotted vertical lines indicate boundaries for the T-point-centered boxes.

4.2 Momentum Advection

The centered-in-space differencing scheme for the momentum advection described in chapter 3 is the standard
choice in the case of non-eddy-resolving resolution. In eddy-resolving (or eddy-permitting) cases, a pseudo-
enstrophy preserving scheme of Ishizaki and Motoi [1999] is used. The scheme also takes up/down-slope
momentum advection into consideration. Its strategy for discretization is described in detail by themselves,
in such a way that it is directly applicable to COCO. Therefore, its discretized representation is not repeated
here, and only the basic concept behind is described below. The examples below are also taken from Ishizaki
and Motoi [1999)].

4.2.1 Up/Down-Slope Momentum Advection

Let us consider the case illustrated in Figure 4.3a. The bottom is sloping up toward the right, and there
is vertically uniform inflow from the left end. Vertically integrated rightward volume flux is conserved, so
rightward velocity becomes gradually larger as the fluid moves to the right. It is assumed rightward velocity
is uniformly intensified in vertical (it is actually expected when the fluid is not stratified). The corresponding
fluid volume budget for T-point-centered grid boxes is indicated by arrows in Figure 4.3a. Tracer advection
is calculated in a way consistent with this fluid volume budget.

By following the method described in section 3.3.4, fluid volume budget for V-point-centered grid boxes
is estimated as the black arrows (both thin and thick) in Figure 4.3b. Momentum advection is calculated in
a way consistent with this fluid volume budget. There is no volume flux convergence/divergence at any V-
point-centered grid box, of course. According to this treatment, the momentum transported with the volume
fluxes indicated by thick horizontal arrows (just to the left of lateral boundaries) is interpreted as dissipating
out at lateral boundaries; and the vertical volume fluxes indicated by the thick vertical arrows accompany
vertical momentum fluxes which slow down the horizontal flows just above. It is a natural consequence of
the no-slip lateral boundary condition for the horizontal velocity components (see section 1.3). In a step-like
representation of the ocean floor, this no-slip lateral boundary is eventually applied to sloping “bottom,” too.
If this kind of momentum dissipation on sloping bottom is not favorable, slantwise momentum advection by
the volume fluxes indicated by the gray arrows in Figure 4.3b has to be taken into account.

The case exemplified in Figure 4.3 is very simplified as it is two-dimensional. In an actual application of
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this scheme to an OGCM, it is necessary to define eight-direction slantwise momentum advection velocity

at each WV-point, in addition to the regular vertical advection.

4.2.2 Preservation of Enstrophy

Let us consider discretized representations of the horizontal advection term of the momentum equation (1.1):

0 0

— (hyuu) + — (hgovu). 4.92
g () + - () (492)
Only the z-direction momentum equation is discussed here. Once it is established, the treatment for the
y-direction momentum equation is obvious.

The simplest five-point representation (i.e., momentum at N, S, E, W and L appears) is

rect

2 g+ L )]

L

_ 1 ug +uy, ur, + uw 1 UN + UL, ur, +us
- = {(hyu)eT—(hyu)w - }+ A7 {(m)nT—(hmv)sT . (4.93)

where the upper case labels (subscripts) indicate V-points, and the lower case labels indicate faces (for n, s,
e and w) or vertices (for ne, se, nw and sw) of the grid box which contains the V-point labeled by L. This
five-point representation corresponds to what is described in section 3.3.4. This is good for conservation of
momentum and kinetic energy, but not for enstrophy.

Other discretized representations are possible if a wider grid stencil is allowed to be used. One possible

representation is

d 9 dig 1 unp +ug
Sty + 5] = i |y 2 ¢ )

usg +ur
2
ur +usw
2
ur +uUNw
2
ur +usw
—5 |

Uy, + UNw
() N — ()

1

+m l:(hmv)ne

UNE + ur,
2
Usg +ur
2

+ (hmv)nw

—(hz’l))se + (hzv)sw (494)

It is rewritten as

D )+ L) = L), + (hat)neAa]
oz UL oy 20U 5 = 2AacAy'L yU)ne YL zV)ne AT

+ [(hyw)se Ayr, — (hav)se AT

UNE + ur,
2

Usg + ur
2

ur, + usw

- [(hyu)ewAylL + (hmv)swAa;] 5
— [(hyu)nwAyy, = (hav)nwAx] W} . (4.95)

so this representation can be interpreted as momentum advection by diagonal direction velocity.

A combination of the above two representations

rect diag
+4 {i(hyuu) + 2(hmvu)] (4.96)

0 0
a | = (hyuu) + —(hmvu)} 5 oy
L

or oy L
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under the condition
a+pB=1 (4.97)

is also valid. By choosing o = 2/3 and 8 = 1/3, the discretized representation for momentum advection
conserves pseudo-enstrophy, similar to the enstrophy-preserving scheme of Arakawa [1966]. Here, pseudo-

enstrophy preservation means that quantities defined by

o] o] o

are conserved, while enstrophy is the square of vorticity ¢, which is defined by
1 0 0

= — | =—(hyv) — —(h; . 4.99

C= e [ ) = 5 ] (1.99)

4.3 Horizontal Friction

In non-eddy-resolving cases, the standard choice for horizontal friction is the classical Laplacian (harmonic)
viscosity described in section 1.2.2. Value of the horizontal viscosity coefficient is determined by a require-
ment from numerical stability. Horizontal friction induces a viscous boundary layer along oceanic western
boundary, and its width is dependent on the viscosity coefficient. Numerical instability occurs when this
viscous boundary layer is not resolved [Bryan, 1975]. Let A be the grid width in the longitudinal direction

of the geographical coordinate system. In order to avoid the numerical instability, the horizontal viscosity

3
Ag > 8 (@) , (4.100)

where (3 is the meridional (in the geographical coordinate) derivative of the Coriolis parameter.

coefficient must satisfy

4.3.1 Two-coefficient horizontal viscosity

The general consititutive equation for the case of horizontal-vertical transverse anisotropy is described in

appendix D.4.4. Large et al. [2001] propose the form of
¢y =Ag + By, ¢ =0, CgZBH—Av, C5:Av, (4101)

where Ay and By represent two different horizontal viscosity, and Ay is vertical viscosity. It is mostly
for the sake of improving representation of the Equatorial Under Current in coarse-resolution setups. The

constitutive equation becomes

Tex — Tyy = 2AH (€20 — 5yy)a (4.102)
Toy = 2BHEqgy, (4.103)
Tez - 2AV€.’EZ7 (4104)
Tyz = 2AV€yz (4105)

instead of (1.36)—(1.39). The coefficient By is related to viscous western boundary layer, to which the
above-mentioned criterion by Bryan [1975] should be applied. However, application of this criterion over
the whole domain makes no sense in adopting this viscosity formulation. Its application should be limitted

to regions spanning by a few grids from the western boundary. The coefficient Ay cannot freely be chosen,
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either, as its effect has to eliminate dispersive noise of the centered spatial differencing. It requires the grid
Reynolds number, defined by VA/Ag (V and A are horizontal velocity and grid spacing, respectively), be
less than two.

4.3.2 Shear-dependent viscosity coefficient

In eddy-resolving cases, a biharmonic version of Smagorinsky viscosity [Smagorinsky, 1963] is the first choice.
This scheme selectively eliminates smaller scale velocity variations than harmonic and/or constant-coefficient
viscosity does. The biharmonic scheme is realized by applying the harmonic scheme described in section 1.2.2
twice. Let By denote the coefficient for horizontal biharmonic diffusion. First, the harmonic viscosity terms
V., and V), are calculated as described in section 3.3.4 (the first one of the two described methods), except
that the horizontal viscosity coefficient is replaced by /Bg. Then, by regarding the harmonic viscosity terms
as horizontal velocity components, the same procedure is repeated with the same viscosity coefficient v/Bg.

Finally, the sign is reversed. Following Griffies and Hallberg [2000], the biharmonic viscosity coefficient is

1 /C0A%\?
BH—§< - ) D, (4.106)

where A (spatially variable) is chosen as the smaller one of Az and Ay, and D is defined by

determined as

D = [(era — eyy)? + (2602 (4.107)

C' is a nondimensional parameter, whose typical value is 2 ~ 4.

4.4 Convection

Vertical convection, which is induced by unstable stratification, is not properly represented in OGCMs
because of two reasons. One of the reasons is in the employment of the hydrostatic approximation, which
separates the direct link between buoyancy and acceleration of vertical fluid motion. The second reason is
related to resolution of OGCMs in actual uses. A typical horizontal scale of vertical convection, or convective
plumes, is less than 1 km, which cannot be resolved by regular OGCMs for global or basin-scale modeling.
So, there is a need to apply a physical parameterization to remove unstable stratification.

A classical, still widely used, method is the convective adjustment, where unstable water column is artifi-
cially homogenized with conserving heat and salt (and other tracers). There are several possible algorithms
realizing the convective adjustment. One of the choices is pairwise adjustment. In the pairwise adjustment,
potential density of two vertically adjacent grids is compared, and they are mixed when instability is found.
For each water column, this pairwise adjustment is applied sequentially from top to bottom. Unstable strat-
ification might not be completely removed by applying this procedure once. If complete removal is intended,
the procedure should be repeated several times.

COCO employs the convective adjustment for the standard choice, but its algorithm is not the pairwise

adjustment. It is summarized as follows:

1. Set the index K, indicating the starting level of the convective adjustment, to one (the top level). Set

the index k, indicating the level where instability is currently judged, to two (the second level).

2. Compare potential density of the (k — 1)-th and k-th levels. The reference depth of potential density
is selected at the k-th level. If instability is found, go to the step 3. If instability is not found, go to
the step 4.
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3. Mix the water column between the K-th level and the k-th level. Increase k by one. If the (new) k-th
level is below the ocean floor, the whole procedure ends here. If not, go back to the step 2 with the

new k.

4. Set K to k. Then, increase k by one. If the (new) k-th level is below the ocean floor, the whole
procedure ends here. If not, go back to the step 2 with the new k and K.

When there is no heat/salt sink or source in the ocean interior nor at the ocean floor, this algorithm
completely removes unstable stratification. Note that complete removal of instability in a single step is not
necessarily physically plausible.

Another simple way is to enhance vertical diffusivity where stratification is unstable. This method is
also prepared in the COCO model package. The enhanced value of vertical diffusivity is a model parameter,
taking 1 m2s~! for example.

Both of the above methods are unable to represent the effect of penetrative convection. Because the
actual horizontal scale of convective plumes is much less than the usual horizontal grid size of OGCMs,
actual convective plumes do not lose (negative) buoyancy at the level where the convective adjustment
reaches. As a result, the convective adjustment could underestimate dense water input into deep layers by

overly homogenizing upper part of water columns.

4.5 Surface Mixed Layer

The standard surface mixed layer parameterization of COCO is based on the turbulence closure of Noh and
Kim [1999], which is a derivative of the level 2.5 turbulence closure of Mellor and Yamada [1982]. A slight
modification is applied to the original parameterization. Its formulation is repeated here with the applied
modification. The method of time differencing is also described.

In the level 2.5 turbulence closure, turbulent kinetic energy (TKE) E is the only prognostic variable for
subgrid-scale motions, and vertical diffusivity Ky and vertical viscosity Ay are estimated as a function of
TKE and other turbulence-related parameters. Time evolution of TKE is controlled by vertical diffusion,

production due to vertical shear, reduction associated with vertical diffusion of buoyancy?, and dissipation:

() (%)

Kp is the vertical diffusivity of TKE, and the dissipation term ¢ is represented by

_od
=L

+ 9k, 20 (4.108)

OE 0 ( 1% 0FE
po 0z

EREE Ea)“lv

€ (4.109)

where C is a constant of proportionality, ¢ = v/2F is the root-mean-square velocity of turbulence, and [ is

the turbulence length scale. Vertical diffusivity and viscosity are given by

Ay Ay
Kp=2Y.
P’ B o

AV = Sql, KV = (4110)

The coefficient ¢ is a constant, taken to be 1.95. The coefficients S and C are represented by

So
S=-—20 _  C=Cy/1+aRs, (4.111)
Vv1+aR;
3Vertical diffusion of buoyancy (temperature and salinity) under stable stratification increases potential energy of a water
column. In the case of eddy-induced turbulent mixing, it means conversion of TKE to potential energy, so vertical diffusion of
buoyancy is a sink of TKE.
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where R;; is a turbulence Richardson number defined by

Rit = (N?l)z (4.112)

and « is a constant of proportionality, which is set to 3. The buoyancy frequency NV is defined by

dp
N2=_99° 411
po 0z (4.113)

The values of S and C' at neutral stability (the case of R;; = 0) are given as Sp = 0.39 and Cy = 0.06.

The coeflicient P, is constant in the original formulation. However, experimental and theoretical studies
have indicated that P, changes in proportion with the turbulence Richardson number in the limit of strong
stratification, while it becomes almost constant for high turbulence [Baum and Caponi, 1992]*. On the
other hand, observations and laboratory experiments also indicate that P, is proportional to the (regular)

Richardson number defined by

N2

R, = 4.114
(0u/02)? 1 (90)02)? (4.114)

when fluid is strongly stratified [Kondo et al., 1978]. Here we follow the latter formulation:
P, :Pr0+ﬁRi7 (4115)

where P, =0.8 and 8 =1.
The sea surface boundary condition for TKE is given by
OF

Kp — = mu’ 4.116
r 0z surface e ( )

where the frictional velocity u, is defined by

\[TE+T2
u? = (4.117)

Po

and the constant of proportionality m is taken to be 100.

The turbulence length scale is calculated by

k(d + z0)

- 14 k(d+ 20)/h’ (4.118)

where k = 0.4 is the von Karman constant, d is depth from the sea surface (positive value), zg is a roughness
length scale at the sea surface, and h is depth of the sea surface mixed layer. The roughness length scale is
selected to be 1 m, and the depth of the mixed layer is defined by the level above which vertical diffusivity
is larger than a background value (typically of the order of 1 x 107% m?s~1).

In numerically solving (4.108), the vertical diffusion term is discretized by the backward-in-time method,
as in the case of tracer diffusion and viscosity. Furthermore, the other terms in the right hand side of (4.108)
also include contribution from TKE, and the simple forward-in-time discretization could induce numerical
instability when the “coefficient” of TKE becomes very large. Since these terms are nonlinear in terms of
their dependence on TKE, they are semi-implicitly discretized in time. The TKE equation (4.108) can be

rewritten as
OB _ 0 (. 0F
ot 92\ Foz

4They suggest to parameterize P, by ~ 1 for R;; < 0.14 and R;+/0.14 for R;x > 0.14.

) —~E - §E, (4.119)
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where

2 2 2
v = _ 2% [N (u)T (v (4.120)
g1+ aR;y | Pr 0z 0z
QC’oq\/ 1+ OéRit
l

5 (4.121)

Although the coefficients v and 6 include ¢ = v/2F, their dependence is ignored in considering time dis-
cretization. The coefficient of the dissipation term, §, is always positive, and the dissipation term is always
discretized by the backward-in-time method. The coefficient 7y, on the other hand, could become negative.
When it is negative, the backward-in-time method should not be used, because it underestimates growth of

turbulence and results in too shallow mixed layer. Let us now consider time integration of an equation

OE
5 = (4.122)

from the n-th time level to the (n + 1)-th time level. Its exact solution is
Entl = e7Atpn, (4.123)

In time-differencing (4.122), let us express the right hand side by a weighted average of the n-th and (n+1)-th
time level values as:
En+1 _ En 1
— - —[(1 = p) E™ + uE™. (4.124)

When the weight p is chosen as
1 e*’yAt
A + e~ 7At 17

the finite-differenced equation returns the exact solution. Therefore, the second term of the right hand side

= (4.125)

of (4.119) is time-differenced in this way. Although this expression is valid for any v other than zero, there
is a problem in actual computation when ~ is a large negative number. In that case, it is all right to simply
solve this term by the forward-in-time method.

The turbulence closure scheme is applicable not only to the surface mixed layer but also to the bottom
boundary layer. However, its application should be accompanied by fine vertical resolution. Otherwise,
shear-induced TKE production is not properly represented. Since COCO is a z coordinate OGCM, where
fine vertical resolution near the ocean floor of changing depths means fine vertical resolution all the way
from top to bottom, the bottom boundary layer is separately dealt with by a different parameterization.
Therefore, it is reasonable to limit the application of the turbulence closure scheme to upper several hundred

meters and reduce computational cost.

4.6 Background Vertical Diffusivity

Vertical diffusivity in the ocean interior, where its value is not controlled by boundary layer processes, is
often called background vertical diffusivity®. It is one of the most crucial parameters in OGCMs, controlling
thermocline depth and deep meridional overturning circulation, for example. The source of background
vertical diffusivity is considered to be breaking of internal waves. Internal waves are, on the other hand,
generated by wind-induced turbulence at the sea surface, internal tides on the ocean floor (especially for

rough bottom), and various kinds of dynamical instability (e.g., Kelvin-Helmholtz instability). Therefore,

5Strictly speaking, the word “vertical” should be replaced by “diapycnal,” as what really affect thermocline or deep meridional
overturning circulation is diapycnal buoyancy flux.
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vertical diffusivity is expected to be spatially (and also temporally) inhomogeneous, and observations have
actually shown that it is the case. However, its actual distribution is still largely unknown. Note that a
region of strong internal wave generation does not necessarily coincide with that of high vertical diffusivity,
as internal waves could propagate a long distance before breaking. Since wave breaking is highly associated
with vertical stratification, background vertical diffusivity is sometimes parameterized as a function of the
buoyancy frequency (inversely proportional to it, for example).

In the standard setup of COCOQO, a vertical profile is prescribed for background vertical diffusivity, and
its horizontal variation is not taken into account. For global ocean modeling, an empirical vertical profile of

Tsujino et al. [2000] is usually used. The profile is given by

01409 % (1 +tanh ——%Y or 2~ 1500,
750
—2— 1500
-1+2x (1 + tanh W) for 2z < —1500, (4.126)

where the depth z (negative) is measured in meters, and the unit of the resulting vertical diffusivity is 10~%
m?s~!. Between 30°N and 30°S, this background diffusivity is multiplied by the factor of

|f| cosh™ (/| f])
f30cosh™" (No/ f30)”
following the finding by Gregg et al. [2003] that the dissipation rate is reduced in this manner at low

(4.127)

latitudes. Here, f is the Coriolis parameter and f3g is its value at 30°N; and N is the buoyancy frequency
and Ny = 5.24 x 1072 s7! is its value for the reference stratification assumed in the internal wave model
of Garret and Munk [1975]. Although the above described function is for the dissipation rate, it is applied
directly to vertical diffusivity in COCO. Furthermore, N is replaced by Ny, thus making this multiplied

factor known a priori.

4.7 Bottom Boundary Layer

COCO incorporates the bottom boundary layer (BBL) parameterization of Nakano and Suginohara [2002]. Tt
assumes a layer of constant depth at the bottom of each water column, and horizontal transfer of momentum
and tracers are realized between those BBL grids. Since the bottom boundary layer exists along the ocean
floor, its formulation should be based on a terrain-following coordinate system.

Let us consider a o coordinate system with its base chosen as the ocean floor. Variables and symbols are

defined in section 1.1, except for the definition of o. It is now defined by

2+ H
o= T H (4.128)
Spatial partial derivatives are converted as
oy _ o0y L 0v il OH  on
dz*  dx n+HOao (1-0) ar ‘ol (4.129)
oY* oY 1 oy OH an
= L4+ — " |(1l-0)=— —0— 4.1
By* oy Tnrmoe | Ty %oy (4.130)
oY* 1 oy
= —— 4.131
oz* n+ H 0o’ (4.131)
so the hydrostatic equation is represented by
1 P
0= __ L oP 0g. (4.132)
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BBL
grids

=

Figure 4.4: Grid configuration for the bottom boundary layer parameterization.

Thus, the horizontal pressure gradient is converted as

opP opr on oH
o T [0% o= ”%} : (4.133)
oP opr on oH
%~ B teloa gl )

The ocean floor is represented by ¢ = 0. For the bottom boundary layer calculation, therefore, the right

hand sides of the momentum equations (1.1) and (1.2) are replaced by

1 [oP OH
1 [oP OH
_po—hy |:a—y - pga—y] + Vv, (4136)

respectively. Note that the terms 0P/0x and OP/9y are calculated in the o coordinate system. So, in their
discretized representations, the four grid point values of pressure used in (3.114) and (3.115) are estimated
at different levels when the bottom level is different among them. Newtonian drag terms, —au and —aw, are
also added to these right hand sides. These Newtonian drag terms represent the effect of baroclinic eddies
which allows flows on a slope to deviate from geostrophic contours (lines of constant f/H). The coefficient
« is chosen to be identical to f, as numerical and laboratory experiments indicate that the direction of
down-sloping flows is inclined by the angle of 45° against geostrophic contours.

Vertical diffusion and viscosity coefficients at the top of the BBL grids are specified independently of
their background values. Larger values are specified for them to represent the effect of entrainment taking
place at the top of the boundary layer.

In COCO the BBL variables are stored in two ways, as illustrated in Figure 4.4. The bottom-most
grids of the three-dimensional arrays for the velocity components and tracers are used exclusively for the
BBL parameterization. The BBL variables are stored in those bottom-most grids and also just below the
bottom of the regular (non-BBL) grids. Horizontal transfer of momentum and tracers is calculated by using
the values stored in the former, and vertical transfer is done by using the latter. Diagnostic calculation of
vertical velocity is started from the bottom-most BBL grids and proceeds upward irrespective of whether
the grid is above or below the ocean floor. In this calculation, the horizontal velocity components of the
BBL grids just below the regular grids are set to zero. Since the horizontal velocity components of land grid
points are zero, this procedure gives the correct BBL vertical velocity for both of the BBL storages. Note

that the BBL grids are not necessarily defined at all the horizontal points.
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4.8 Isopycnal Diffusion

The diffusion term appearing in the tracer equations does not represent the molecular diffusion but effects of
unresolved-scale motions. Such unresolved-scale motions are often called symbolically as eddies. Owing to
the large aspect ratio of the ocean and the existence of stratification, motions of such eddies occur primarily
on horizontal planes. When the diffusion term is represented by (1.33), therefore, horizontal diffusivity
is chosen to be much larger than vertical diffusivity. Tracers in the ocean are actually well mixed in the
horizontal direction as compared with the vertical direction. A closer look of eddy-induced mixing of tracers
reveals that eddies mix tracers along isopycnal surfaces rather than horizontal planes. When an isopycnal
surface is significantly® inclined against the horizontal direction, large horizontal diffusivity could induce
diapycnal diffusivity larger than a background value. Such a situation is not favorable in using OGCMs.
Large diffusivity should be applied selectively to isopycnal directions.

Since COCO is formulated under the z vertical coordinate system, diffusive tracer fluxes along isopycnal
surfaces should be remapped to fluxes in the x, y and z directions, which is realized by coordinate system
rotation. In its formulation, COCO adopts the method (and approximation) of Cox [1987]. Slope of isopycnal

surface in the x and y directions is given by

__L19p [op __19p Jop
e = hy Ox /| 0z’ Sy = hydy [/ 0z’ (4.137)

respectively, and the rotation matrix becomes

1 0 Sy
0 1 Sy . (4.138)
Sz Sy sg + 5;

Let K; be a coefficient for isopycnal diffusion. Diffusive fluxes of tracer T" in the z, y and z directions are

represented by

v Kr (;—1‘2—: + SIZ—Z> , (4.139)
y:  K; (;—yg—z + syg—D : (4.140)
I e Rl (4.141)
instead of (1.32), so the diffusion term becomes
P = [ (i oo )] oy [ (5,5 ) )
+% {KI [Z_zg—f+z—zg—§+<sg+sg)z_ﬂ} (4.142)

instead of (1.33). The background vertical diffusion term is added to it. Regular horizontal diffusion could
also be added to it.

A large isopycnal slope means large effective vertical diffusivity. Although the vertical diffusion is im-
plicitly solved, excessively large vertical diffusivity could induce a numerical problem. To avoid it, isopycnal

slope is bounded by a prescribed value, which is typically chosen as 0.01.

6The “significance” may be judged, for example, against the aspect ratio of the ocean, which is of the order of 104 or larger.
By this standard, an angle 6 is significantly large when tan 6 > 10—4.
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4.9 Isopycnal Layer Thickness Diffusion

Under horizontal resolution of ~ 1° or coarser, mesoscale eddies are the primary contributor to isopycnal
mixing. However, isopycnal diffusion of tracers described in section 4.8 is not sufficient for representing the
effects of mesoscale eddies on tracer distribution. Mesoscale eddies are generated principally by baroclinic
instability, which occurs where isopycnal surfaces are steeply sloping. As a result of tracer transport induced
by those eddies, slope of the isopycnal surfaces is reduced. One possible way to parameterize such an effect of
mesoscale eddies is to consider diffusion of isopycnal layer thickness (vertical distance between two isopycnal
surfaces) in the direction of isopycnal surfaces [Gent and MecWilliams, 1990).

In the z vertical coordinate system, isopycnal diffusion of isopycnal layer thickness is represented either
by bolus velocity [Gent and McWilliams, 1990] or by a skew component of the diffusion coefficient tensor
[Griffies, 1998]. COCO adopts the latter method, which is very easily implemented once the isopycnal
diffusion scheme is introduced. The diffusion coefficient tensor of the isopycnal diffusion scheme is the
product of K; and (4.138). Let K¢ be the diffusion coefficient for the layer thickness diffusion. The
combined coefficient tensor of the isopycnal diffusion and layer thickness diffusion becomes

K] 0 (KI _KG')S:U
0 K] (K] - Kg)sy . (4143)
(K1 + Kg)se (K1 + Kg)sy KI(Si—i-sf/)

In the bolus velocity method, on the other hand, tracers are advected by the sum of large scale velocity
(represented by the regular velocity components appearing in the primitive equations) and bolus velocity.
Let u*, v* and w* denote x, y and z, respectively, components of the bolus velocity. They are defined by

0
. 0
. 1[0 9
w* = Ty {a—x(hyKGsm) + a—y(thGsy)} . (4.146)

It is easy to see that the bolus velocity satisfies the continuity equation:

V[0, .. 0. ] ow

and it is also easy to see that the two methods give the same result:

1 0vy
’ : e h_f% 1 0 0 0
div 0 0 —Kgsy h_ya_y = _h;phy {%(hyu ) + a—y(hzv )| — &(w ), (4.148)
KGsI Kgsy 0 g—qﬁ

where 1 stands for a tracer quantity.






Appendix A

Sea Surface Forcing

OGCMs are driven by fluxes of momentum (7, and 7, ), heat (Ffr) and freshwater (Fy) at the sea surface, as
described in section 1.3. There are several possible methods to impose these fluxes, and the ways adopted in
COCO are described below. These fluxes are closely linked to sea ice where it exists, and their formulation
is heavily dependent on how sea ice is dealt with. Issues related to sea ice is not mentioned here but in

appendix B.

A.1 Heat Flux

A.1.1 Sea Surface Temperature Restore

A classical and one of the easiest way to specify sea surface heat flux is Newtonian damping of model sea
surface temperature to observed values. Let T; be temperature of the model’s top level and T, be observed

sea surface temperature to which 7} is restored. Sea surface heat flux Fiy is estimated by

FH _ (Tl —T*)Azl (A 1)
poCyp TR ’ .

where Az is the thickness of the model’s top level, and 7g is a time constant for restoring. An actual
value for 7 should depend on Az, and a typical choice is to make them satisfy Az;/7r = 1 mdy~!. Time
discretization for the heat flux term is done by the forward-in-time method, which means that 7;"~! is used
when temperature is predicted from the (n— 1)-th time level to the (n+ 1)-th time level. Use of the leap-frog
method (T7") would lead to numerical instability.

There are some fundamental problems in this method. First and foremost, although it is intended to
reproduce the specified sea surface temperature T, the model sea surface temperature T never realize it.
If T1 exactly coincides with T, Fp becomes zero everywhere, which means that the model ocean is not
thermally forced. Related to this problem, there is no experimental or observational way to determine a
physically valid value for Tg.

As described later, however, the same procedure is also applicable to a more physically plausible rep-
resentation of sea surface heat flux. In COCO, the default setup for the sea surface heat flux calculation
is this restoring method, where horizontal distributions (and their temporal variations) of T, and 7g are

prescribed. When a sea ice model is coupled, the next method is used normally.

65
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A.1.2 Using Surface Air Properties and Bulk Formulae

Sea surface heat flux ) is decomposed into four parts as

Q=Qsw +QrLw + Qsu +QrH, (A.2)

where the terms in the right hand side stand for shortwave radiative flux, longwave radiative flux, sensible
heat flux, and latent heat flux, respectively!. Shortwave and longwave radiative fluxes are further decomposed
into upward (denoted by the superscript u) and downward (denoted by the superscript d) parts:

Qsw = Qb +Q%w, (A.3)
Quw = Qfw +Q%w. (A.4)

Note that the sign for all of these flux components is defined as upward positive, thus the downward radiative
fluxes are always negative and the upward radiative fluxes are always positive.

Downward radiative fluxes are not directly dependent on the condition of the sea surface, and their
observed values are simply specified to drive the model. Shortwave emission from the sea surface is negligible,
so the upward part of the shortwave radiative flux is accounted for solely by reflection of the incoming
downward flux. Let aug be the sea surface albedo for shortwave radiation. The upward shortwave radiative

flux is represented by
Qsw = _O‘SQ(éW' (A.5)

On the other hand, the upward longwave radiative flux has both reflection of the incoming flux and emission
from the sea surface. Let ay be the sea surface albedo for longwave radiation and €7, be emissivity of the
sea surface relative to the black body radiation. The upward longwave radiative flux is represented by

QY = —arQdy +eroTs, (A.6)

where o is the Stefan-Boltzmann constant and T is sea surface temperature. T is given by 77 when there
is no sea ice, and by snow or sea ice surface temperature when it exists. When radiative equilibrium is

assumed, emissivity becomes identical to coalbedo:
&‘L:l—aL. (A?)

By use of a bulk formula, sensible heat flux is calculated from sea surface temperature and surface air

temperature. It is generally represented by
Qsu = paCaCs(Ts —Ta), (A.8)

where ps and T4 are surface air density and temperature, respectively, measured at several meters above
the sea surface, for example, and Cjy is the heat capacity of air. The coefficient Cg is a function of surface
air conditions and has the dimension of length per time. Latent heat flux is also calculated by using a bulk

formula as
Qru = paLlCrL(gs — qa), (A.9)

where ¢4 is surface air specific humidity and g¢g is sea surface specific humidity. L stands for the latent heat

of evaporation when the surface is liquid, and for the latent heat of sublimation when the surface is solid.

1The symbol Q is employed here instead of Fg to avoid confusion in appendix B. @ calculated here is given as Fg in (1.58)
when there is no sea ice.
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The coefficient C, also depends on surface air conditions and has the dimension of length per time. Sea

surface specific humidity is estimated as saturation specific humidity of air at sea surface temperature:

qs = QSat(TS), (AlO)

where gg.¢ represents saturation specific humidity as a function of temperature?. It is sometimes multiplied
by a factor slightly smaller than unity.

As a whole, sea surface heat flux @ is obtained as follows when Q%y;,, Q% 1,, Ta, ga and Ts are specified:
Q= (1-as)Q%w +eL(Qiw +0T3) + paCaCs(Ts — Ta) + paLCL(gsar(Ts) — qa)- (A.11)

Note that surface wind velocity is usually required to estimate Cs and C. As in the case of the Newtonian
damping, time level for Ts should be chosen so that the forward-in-time method is realized.

Representation of Cs and C, as functions of surface air conditions is not unique. Several datasets are
provided to force OGCMs, and each dataset has its own relevant set of bulk formulae. For example, a
climatological dataset compiled by Réske [2001] requires the bulk formulae of Kara et al. [2000], while
another dataset by Large and Yeager [2004] does a different one (described therein).

While incoming downward longwave radiation is completely absorbed within a very thin surface layer,
shortwave radiation can penetrate significantly into depths. In order to take account of its effect, shortwave

radiative flux at an arbitrary depth in the ocean is parameterized by
1(z) = 1(0) [Rez/@ +(1— R)e”/%], (A.12)

as done by Rosati and Miyakoda [1988], where I1(0) = (1 — ag)Q%yy is its value at z = 0. Here, shortwave
radiation is split into two portions: one is a fast-attenuating spectral portion and the other is a deeply
penetrating spectral portion, and these two portions attenuate with length scales of (; and (2, respectively.
The fraction of the fast-attenuating portion is represented by R. These parameters depend on turbidity of

seawater (such as phytoplankton concentration) and also on a spectrum of shortwave radiation.

A.1.3 Bulk Formula-Based Sea Surface Temperature Restore

Sea surface heat flux is nonlinearly dependent on sea surface temperature in (A.11). When it is linearized

around T, its can be written in the form of
Fg =~(Ts —T}), (A.13)

as described by Haney [1971]. When a dataset required for (A.11) is specified, v and T% are uniquely
determined. This representation is formally identical to (A.1): just replacing 7 and Ti by poCpAzi /v and
T, respectively, results in (A.13).

A.2 Freshwater Flux

A.2.1 Sea Surface Salinity Restore

OGCMs in early times are formulated under the rigid lid approximation, where sea level is not allowed to
change. Volume of seawater is not allowed to change in such OGCMs, so sea surface salinity is directly

modified by taking account of virtual salt flux. The easiest and most widely used way to specify virtual salt

2Saturation specific humidity depends also on pressure.
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flux is Newtonian damping of sea surface salinity to observed values, as in the case of heat flux. Let S; be
salinity of the model’s top level and S, be observed sea surface salinity to which Sy is restored. Virtual sea

surface salinity flux Fjg is estimated by

~S)A
Fg = M, (A.14)
TR
and it is applied as a surface boundary condition for salinity equation:
oS
— = —Fg. A.15
0z § ( )

surface

The time constant is usually chosen to be the same as in heat flux. The time discretization method should
also follow that of heat flux.

This sea surface salinity restore method can also be applied to free surface OGCMs, either as virtual
salinity flux or as equivalent freshwater flux, the latter of which is the default method adopted in COCO
when sea ice is not coupled. In the former method, S; is directly changed with setting sea surface freshwater

flux to zero. For the latter method, equivalent freshwater flux Fyy is obtained by
Fy =—-—= (A.16)

and sea level and sea surface salinity are modified at the same time in a consistent way. The sign of Fyy is
so defined that sea level is lowered when Fy > 0, as in section 3.2.3. There is no guarantee that long-term
mean of globally averaged Fy becomes zero, so mean sea level of model ocean could increase or decrease
unboundedly in the course of model integration. In order to avoid this drift, Fy should be adjusted so that
its global average becomes zero at every time step, for example.

The problems noted above for the sea surface temperature restore are also true for the sea surface salinity
restore. Furthermore, the actual sea surface freshwater flux does not directly depend on sea surface salinity,
while the restoring method makes them directly related.

A.2.2 Drive Directly by Freshwater Flux

The actual sea surface freshwater flux is made up of evaporation (or sublimation), precipitation, and runoff
from land. Evaporation could be either prescribed by observation or calculated in a way consistent with
(A.9). In the latter case, the evaporative freshwater flux is represented by Qr g /L. Precipitation and runoff
does not directly depend on sea surface condition, so they should be simply prescribed. In this case, too,
long-term mean of globally averaged Fy does not become zero in general, so it must be adjusted somehow
to avoid model drift.

Since sea surface freshwater flux thus specified is not directly related to seawater salinity, its direct
application could result in severe drift of simulated salinity. For the purpose of preventing such drift, weak
restore of sea surface salinity to observed values is sometimes applied in conjunction with observation-based

freshwater flux.

A.3 Momentum Flux

Sea surface momentum flux is often referred to as surface wind stress. The most widely adopted way to
dynamically drive OGCMs is to directly specify a dataset of surface wind stress, and it is the default setup
of COCO.
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When a dataset of surface winds is specified, on the other hand, surface wind stress is calculated by using

a bulk formula, as in the case of sensible and latent heat fluxes. It is generally represented by
(T2, Ty) = paCuri(ua,va), (A.17)

where uy and vy are z and y components, respectively, of surface winds. The coefficient C; has the

dimension of length per time, and is usually regarded as proportional to scalar wind speed:

CMZCMO\/UE‘-F’UE‘, (A.18)

where Cjyo is a nondimensional coefficient, dependent on surface air conditions in usual bulk formulae. The

coefficients Cs and Cr, in (A.8) and (A.9) are usually expressed in such a way, too.






Appendix B

Coupling to Sea Ice Model

For the purpose of global ocean modeling, COCO is coupled to a sea ice model in most cases. A relatively
simple sea ice model actually used in such cases is described here. It is based on two-category thickness
representation, zero-layer thermodynamics [e.g., Semtner, 1976], and dynamics with elastic-viscous-plastic
rheology [Hunke and Dukowicz, 1997).

There are five prognostic variables in the sea ice model described herein: sea ice concentration Ay, which
is area fraction of a grid covered by sea ice and takes a value between zero and unity; mean sea ice thickness
hr over ice-covered part of a grid; mean snow thickness hg over sea ice; and x and y direction horizontal
velocity components of sea ice motion u; and v;. The model calculates temperature at snow top (sea ice
top when there is no snow cover) T, which is a diagnostic variable. Density of sea ice (pr) and snow (pg)
are assumed to be constant. Sea ice is assumed to have nonzero salinity, and its value St is assumed to be

a constant parameter.

B.1 Thermodynamics

Let us consider here a case that the model is integrated from the n-th time level to the (n + 1)-th time level.
Ay, hy and hg are incrementally modified in the following order. See Figure B.1 for a schematic illustration

of related variables and heat fluxes.

B.1.1 Heat Flux and Growth Rate

Temperature at sea ice base is taken to be the ocean model’s top level temperature T77. In this model,
sea ice exists only when and where T} is at the freezing point T, which is a decreasing function of salinity
(T = —0.05435 is used in COCO, where temperature and salinity are measured by °C and psu, respectively).
In heat budget calculation for snow and sea ice, only latent heat of fusion and sublimation is taken into
account, and heat content associated with temperature is neglected. Therefore, temperature inside sea ice
and snow are not calculated, and T7 is estimated from surface heat balance.

Nonzero minimum values are prescribed for A; and hy, which are denoted by AP™ and ™| respectively.
These parameters define a minimum possible volume of sea ice in a grid. If a predicted volume A;h; is less
than that minimum, A; is reset to zero, and 77 is lowered to compensate the corresponding latent heat. In
this case, the ocean model’s top level is kept at a supercooled state. Such a state continues until the ocean
is further cooled and the temperature becomes low enough to produce more sea ice than that minimum by

releasing the latent heat corresponding to the supercooling.
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Figure B.1: Sea ice variables and heat fluxes.

Surface heat flux is separately calculated for each of air-sea and air-ice interfaces in one grid. Let us
define @ a7 by
Qar = A;Q, (B.1)

i.e., air-ice heat flux multiplied by the factor of sea ice concentration. @ is calculated by (A.11) by setting
Ts = T7 and using relevant values for the parameters therein. Penetration of shortwave radiation is not
taken into account for ice-covered region. Assuming constant heat conductivity, vertical temperature profile
in sea ice and snow is linear, so vertical heat flux through sea ice and snow, multiplied by the factor of sea

ice concentration, is
_ krks(Ty —T7)

=A== B.2
Qo= A sy (B2)

where k; and kg are heat conductivity for sea ice and snow, respectively. T is determined such that
Qar = Qro (B.3)

is satisfied. However, when the estimated T} exceeds the melting point of sea ice T, (which is set to 0°C for
convenience), T7 is reset to 1), and Qa5 and Qo are re-estimated by using it. The heat imbalance between
Qar and Qo is consumed to melt snow (sea ice when there is no snow cover). Snow growth rate due to

this heat imbalance is estimated by

_ Qar—Qro
poLy

where po is density of seawater and Ly is the latent heat of fusion (the same value is applied to snow and

Was (B.4)

sea ice). This growth rate is expressed as a change of equivalent liquid water depth per unit time. It is zero

when T < T, and negative when T7 = T;,. Note that W4g is weighted by sea ice concentration.
Although it is assumed that 77 = Ty when sea ice exists, 17 could deviated from Ty due to a change

of salinity or other factors. Such deviation should be adjusted by forming or melting sea ice. Under a

temperature deviation

AT =T, - Ty, (B.5)
sea ice growth rate necessary to compensate it in a single time step is given by
C ATAZl
| . —— B.6
FZ LfAt ) ( )

where C), is the heat capacity of seawater and Az; is the thickness of the ocean model’s top level. This growth

rate is estimated at all grids, irrespective of sea ice existence, for a technical reason. As described below,
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this growth rate first estimates negative ice volume for ice-free grids, but the same heat flux calculation
procedure as for ice-covered grids finally results in the correct heat flux to force the ocean. Basal growth

rate of sea ice is given by

Wio = AiWrz + @ro ; (B.7)
poLy
where, again, Wjo is weighted by sea ice concentration.
Sea ice formation could also occur in ice-free area. Let us define Q40 by
Qao=(1-An)[Q—(1—-as)Qw], (B.8)

i.e., air-sea heat flux except for shortwave, multiplied by the factor of the fraction of ice-free area. Here, )
is calculated by (A.11) by setting Ts = T7. Shortwave radiation absorbed at ice-free sea surface, with the

factor of ice-free area multiplied, is represented by
Qhw = (1= A1 - as) Q- (B.9)

Sea ice growth rate in ice-free area is calculated by

Qao + ClQ?W

Wao =(1—-Ar)Wpz + oL,

(B.10)
where ¢; denotes the fraction of Qg‘w absorbed by the ocean model’s top level, which is calculated from

(A.12) as
1(0) = I(=Az)
1(0)

The growth rate Wao is weighted by the fraction of ice-free area.

Cc1 = (B].l)

B.1.2 Sublimation of Sea Ice

Sublimation (freshwater) flux Fi32 is calculated or prescribed over ice cover. In the model, it is also weighted

by sea ice concentration. For example, when it is calculated in a way consistent with surface latent heat flux

Qru, it is given by

Fgp = AQun (B.12)
poLs

where L is the latent heat of sublimation, which is the sum of the latent heat of fusion and evaporation. Its

sign is defined such that snow or ice is reduced when F3# > 0. Evaporation (freshwater) flux FEY is also

weighted by the fraction of ice-free area. For the same example as the above, it is given by

1-AnNQru

FEY = ( B.13
w pOLe ( )

where L, is the latent heat of evaporation.

Sublimation flux is first consumed to reduce snow thickness:

PO FV’S["/B At

Wy =y —
08 psAY

(B.14)

If h/y becomes less than zero, it is reset to zero. Then, FV%B is redefined by

psAf(hs — hg)

B.1
poAt (B-15)

FgB = FgB +
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When there remains snow, F‘;?,B’ = 0. Nonzero FV‘?,B’ is then consumed to reduce sea ice thickness:
FSB/At
ny = nyp - POW_— (B.16)
pIA[
If b/, becomes less than A" it is reset to AP, Then, F37 is redefined by
AR (h/ _ hn)
FSBr _ pspr PIAT\Np = Np) B.17
w w T N ( )
Finally, nonzero Fi;P" is consumed to reduce sea ice concentration:
FSB//At
PI h]

If A} becomes less than zero, it is reset to zero. Even if A} becomes less than AP, on the other hand, it is
not adjusted here. If A} is adjusted to zero, it means that the sublimation flux is not used up by eliminating

snow and sea ice. The remaining part is consumed to reduce seawater, so the evaporation flux is modified as

A7 — Ap)hp™
poAt ’

FEV! = REV | pSBr 4 pi( (B.19)

The last two terms cancel out if the adjustment does not take place.

When sublimation flux is consumed to reduce sea ice amount, salt contained in sea ice has to be added to
the remaining sea ice or the underlying water. Otherwise, total salt of the ice-ocean system is not conserved.
Here, it is added to the underlying water, and the way of this adjustment is described later. Note that sea ice
tends to gradually drain high salinity water contained in brine pockets in reality. Thus, such an adjustment
is not very unreasonable. When A’ is adjusted to zero, on the other hand, the remaining sublimation flux is
consumed to reduce seawater. In this case, difference between the latent heat of sublimation and evaporation

has to be adjusted, which is also described later.

B.1.3 Dynamical Redistribution

Aj, h; and hg are modified due to horizontal motion and freezing of ice-free surface, whose formulation is
described in section B.2.1. First, A} is modified to A} by using (B.40), with an adjustment that A7 is reset
to zero if it becomes less than AT and is bounded by unity. Changes of sea ice volume V; and snow volume
Vs, which are defined by

Vi =Arhy, Vs = Ajhg, (B.20)

are then estimated by using (B.41). The prediction is initiated by
Vi = Arhy, Vg = Ajhg, (B.21)

and their predicted values are denoted by V;* and V. Note that V; and Vg are conserved quantities, while
Ap, hy and hg are not.

B.1.4 Growth and Melting

Changes of snow thickness due to snowfall (freshwater) flux F3¥ (expressed by negative values to be con-
sistent with other freshwater flux components) is first taken into account. FVS;,N is not weighted by sea ice

concentration or ice-free area fraction, as snowfall takes place for both regions. If the newly predicted sea
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ice concentration Aj is zero, the amount of snow existed before the dynamical redistribution is added to the

snowfall flux, and snow thickness is set to zero:

psVs
N = FV%N—pO Ast , (B.22)
Vet = 0. (B.23)

Otherwise, snowfall accumulates over the ice covered region, and the snowfall flux is reduced by that amount:

BN = (1—ApFN, (B.24)
Atpo FEN At
Vit o= vs*—fpopiW. (B.25)
S

Next, Wag is used to reduce snow. Snow thickness is modified by

Vi*  poWasAt

o= B.26
AL e (2:20)
If A7 =0or hg" <0, hE is reset to zero. Then, W4y is estimated by
ps(AThs —Vs™)
War =Was — . B.27
AT AS N ( )
It is zero when AE* is not reset to zero.
Then, W4y is used to reduce sea ice:
WarAt
e (B.28)
Pr
If V* becomes less than zero, it is reset to zero, and the imbalance is added to Wjo:
" pr(Vi™ = V)
Wiy =W, Wa — ———=, B.29
10 10+ War PN ( )
which is equal to Wro when V;* is not reset to zero.
Finally, basal ice growth Wjo and freezing of ice-free surface W40 is taken into account:
Wi+ Wao)At
yptt = ype 4 0Wio ¥ Wao)At (B.30)
pr
If V;*** becomes less than zero, define
A}‘“ =0, h}‘“ = pipin hg“ =0. (B.31)
Otherwise,
+1 +1 V1n+1 +1
AT =A%, BT = el